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HzÁ¨¿FE­_¨ÃM§m#~ﬁmJypzmJy#F~z¨{F~yz«Â§l0¨{mdy5¿J² Á°Á5Á°Á5Á¼Á5Á°Á5Á5Á°Á5Á°Á5Á°Á5Á5Á¼Á5ÁYHM
HzÁ  e_kﬁ{}Jyzm°§l
M{}ﬁm
Njk
Á5Á5Á¼Á5Á°Á5Á°Á5Á5Á°Á5Á°Á5Á¼Á5Á°Á5Á5Á°Á5Á°Á5Á°Á5Á5Á¼Á5ÁYHﬁS
HzÁ Ë ²rJ#FlS_yÉ{}¨_~zm5§0l
M{}ﬁm5zmJy Qz« Á5Á°Á5Á5Á°Á5Á°Á5Á¼Á5Á°Á5Á5Á°Á5Á°Á5Á°Á5Á5Á¼Á5ÁYH
HzÁ  E­_¨ÃM§m#~ﬁmJypzmJy#F~z¨{F~yz«Â§l0¨{mdybËF² Á°Á5Á°Á5Á¼Á5Á°Á5Á5Á°Á5Á°Á5Á°Á5Á5Á¼Á5Á S¿
HzÁ  rm#§_mJyﬃk}Fk}ﬁ{dyﬃzmJyl
{}#mJyﬃ~Q{ywQl#{}QkmdyÈÁ5Á¼Á5Á°Á5Á5Á°Á5Á°Á5Á°Á5Á5Á¼Á5Á S_Ë
HzÁ  §z#yﬃl
M{}ﬁm#§yz©yi#l
0¯°²re Á°Á5Á°Á5Á5Á°Á5Á°Á5Á¼Á5Á°Á5Á5Á°Á5Á°Á5Á°Á5Á5Á¼Á5Á SQ
HzÁ H§z#yﬃl
M{}ﬁm#§yz©yi#l
0¯°²rb¿ Á°Á5Á°Á5Á5Á°Á5Á°Á5Á¼Á5Á°Á5Á5Á°Á5Á°Á5Á°Á5Á5Á¼Á5Á S_
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º
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HzÁ HzÁ  V_k}¨#{Jyl
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K
mJk}Jym#~Q{m¼§¨mﬀ#F}yﬃzmJybJm#§y
R
F2ﬁmJ§¨k'zmJy#Flk§mﬁ«zmJy
C
Á
,_k
z ∈ C Ç z¯ }m#k}Jym#~Q{}m¼yF~2ﬁ_l0§¨m#«xm5#F~M|k_kFÁ
,_k
Z ∈ Cn Çk_¸ Z = (zj)j=1,..,n Ç Z∗ = (z¯j)j=1,..,n Á
| . | zJyF~km0yl-k§¨{}F~k#lmJ~_{°§.~k_lm-mJﬁ§z¨mJ~k~kmc¥ k~gJ§¨Jl0mJ~Q{°zm Km×n m#{r§m0Jz¨~§'Æ¥ k~
mJ~ym#l-¹§¨m¼×~kDÁ
Mn(K)
mJy{b§K¥ mJyF#m°ÃFmJﬁ{_m#§czmdyﬃl{}#mJyJ}JmJyﬃy
K
zm°{§¨§m
n× n Á

n
mdy|{b§0l{}#m°~Q§¨§m5zm5§K¥ mJy_ﬁm
Mn(K)
Á

n
mJy{§0l
M{}ﬁm°zm#~Q{}É{}ﬀzm5§K¥ mJy_ﬁm
Mn(K)
Á
Dn(K)
mdy|{b§m5y_y|® mJy_ﬁm¼ÃFmJﬁ{_m#§czmdyﬃl{}#mJyz_F~F§¨mdyﬃzm
Mn(K)
Á
GLn(K)
mJy{b§D¥ mJ~ymJl-¹k§m5zmJybl{}#mJy~QÃ_m#y¹k§mJyﬃzm
Mn(K)
Á
Mn,m(K)
mdy|{b§D¥ mJyF#mrÃ_mJ·{}F}¨mJ§ÆzmJyﬃl
{}#mJyﬃ}mJ·{~k_k§mdy­yk
K
km°{}§§¨m
n×m Á
Mm×n(K)
mJy{b§K¥ mJy_ﬁm°ÃFmd·{_m#§czmdyﬃl
M{}ﬁmJyJ}JmJyﬃyk
K
zm
n× n ¹k§xJybzm¼{}F¨§§m m Á
Dm×n(K)
mdy|{§mﬀy_y®Dmdy_ﬁmrÃFmJﬁ{_m#§Æzmdyﬃl
M{}ﬁmJykFFF~§mJy­¹k§z#yzm
Mm×n(K)
Á
,_k
M = (mjk)1≤j ≤n
1≤k ≤m
∈ Mn,m(C) Ç M∗ = (m¯kj)1≤j ≤n
1≤k ≤m
mdy|{¼§Âl
M{}ﬁm&_@|F~Q{m0zm
M
Ácux
M ∈ Mn,m(R) ÇF§¨_}y M∗ = M t Á
∀ (X, Y ) ∈ K2(m×n) ∪K2(mn) Ç X∗Y =
mn∑
j=1
x¯jyj
mJy{b§¨m°k}zzk¨{pyJ§m°kF~y
Km×n
m#{
Kmn
Á
Vj
mJy{ﬃ§m5ÃF_§¨l0m°z##kS5ﬃ§
ﬁm#§§k§¨m
Cj
Á
dx
mﬁ{
dσ
yF~Q{}mJymd·{ÃFmJlm#~Q{§¨mdyﬃl0mdymdyzm5ÃF_§¨klm°mﬁ{pkm°yk
º
F#m¼~zÉ{}mﬀk~y
R3
Á
nj ∈ R3 mdy|{b§0~kF}l
§mr~kÉ{mﬀyF{}F~Q{m°¦&§y º _ﬁm ∂Cj zm Cj Á
I mdy|{§D¥ mJ~ymJl-¹k§mﬀzmdyﬃ¨~k#mJybzmdyﬁmJ§¨§k§mJyﬃkk}m#lmJ~_{b~Q{mJ~kmdy¦ Ωh Á
Ib mJy{b§K¥ m#~ym#l&¹k§m°kmJyﬃ~zﬁmJypzmJy#m#§§¨k§mJypzF~Q{blF~yﬃk~©zmJyb¹_}kyyJ¥ kk¨m5yk Γh Á
Vdj = {k ∈ I / Σjk ⊂ Ωh
SFk
Ck
ÃF_y¨~m¼zm
Cj} Á
Vaj = {k ∈ Ib / Σjk ⊂ Γah
SFk
Ck
ÃF_y¨~mr×S·{ÃFm5zm
Cj} Á
Vmj = {k ∈ Ib / Σjk ⊂ Γmh
_k
Ck
Ã_Fy~km¼×ﬁ{ÃFm5zm
Cj} Á
Vbj = {k ∈ Ib / Σjk ⊂ (Γmh ∪ Γah)
SFk
Ck
ÃF_y¨~mr×S·{ÃFm5zm
Cj} Á
Vj = Vdj ∪ Vmj ∪ Vaj
Á
Vdj ∩ Vmj = Vdj ∩ Vaj = Vaj ∩ Vmj = ∅
Á
Im = {j ∈ I /Vmj 6= ∅}
mJy{°§D¥ m#~ym#l&¹k§¨m
zmdy°¨~z#mJyﬀkmJy5ﬁmJ§¨§k§mJy5QkVS_y}yjJzmJ~_{5ÈlF~y°k~
{}°FkF{}m#~F~_{¦
Γmh
Á
Ia = {j ∈ I /Vaj 6= ∅}
mdy|{§K¥ m#~ym#l&¹k§mrzmdy­~zﬁmdy­kmJyﬁm#§§k§¨mdy­QkSS_y}yjdzm#~Q{F.lF~y­k~ÂF{
FkF{}m#~F~_{¦
Γah
Á
Vj = {k ∈ I ∪ Ib / Ck mJy{bÃF_y~km¼km Cj mﬁ{ ∂Cj ∩ ∂Ck mJy{bk~kmﬀyk º Fﬁm°zm5lmJyk}m°~kF~~xk§¨§m }
mdy|{§D¥ mJ~ym#l-¹§¨mﬀzmdyﬁmJ§¨§k§mJyﬃÃF_y~kmJyzm
Cj
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Σjk = ∂Cj ∩ ∂Ck, k ∈ Vj Á
∂Cj =
⋃
k∈Vj
Σjk
Á
Sjk
mdy|{b§D¥ m°zm5§0yk
º
F#m
Σjk
Á
njk = (n
x1
jk , n
x2
jk , n
x3
jk)
t ∈ R3 mJy{b§0~k_l
F§¨m°k~k¨{}F¨}m5y_{~Q{m°¦ Σjk §§F~_{bzm Cj ÃFmJ}y Ck Á
∀ (j, k) ∈ I × (I ∪ Ib), njk = −njk Á
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Ç
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ε(x)
mﬁ{
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ε(x) = ε0εr(x),
µ(x) = µ0µr(x),
c0 =
1√
ε0µ0
, cr(x) =
1√
εr(x)µr(x)
m#{
c(x) = c0cr(x),
z0 =
√
µ0
ε0
, zr(x) =
√
µr(x)
εr(x)
m#{
z(x) = z0zr(x).
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Nx =
 0 0 00 0 1
0 −1 0
 , Ny =
 0 0 −10 0 0
1 0 0
 , Nz =
 0 1 0−1 0 0
0 0 0
 ,
m#{ 
Gl =
(

3 Nl
−Nl  3
)
@ÃFmd
l ∈ {x, y, z},
F§¨_}y§mJyﬃ§Fyc¥ bljJm5m#{ F}_k@wmJkÃFmJ~_{pym°JJ#m°yFyﬃ§
º
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M{}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∂t(G0W ) + Gx∂xW + Gy∂yW + Gz∂zW + KW = 0,
³KË_µ
_¸_~
_zFk{°§0~kF{}{F~2ﬁ§Fy}yQkm
∂{x,y,z,t}A =
∂A
∂{x, y, z, t}
m#{F¸ 
W =
(
E
H
)
, G0 =
(
ε(x) 0
0 µ(x)
)
m#{
K =
(
σ(x) 0
0 0
)
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%SFk§¨ybzm5zﬁ{§yµ 
∂t(G0W ) + Gx∂xW + Gy∂yW + Gz∂zW + KW = −KW  + (  6 −G0)∂tW 
≡ S(W  ).
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M6(R)
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Gn = n
xGx+n
yGy+n
zGz
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G¯n = GnG
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
G¯n = TnΛnT
−1
n
G¯±n = TnΛ
±
nT
−1
n
Λ+n =
z
(max(λn,k, 0))
Λ−n =
z
(min(λn,k, 0))
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λn,k , k = 1, · · · , 6 zdyF~m#~Q{§¨mdyﬃÃ@F§¨mJkyﬃk_k}mJyﬃzm5§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p = iω + ν, ν > 0
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Mν(u) = νLp(u)
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Lp(u)
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W (x, t) = W (x)eiωt +
m∑
k=1
W ke
iωkt + φ(x, t)
 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lim
t→∞
φ(x, t) = 0,
&ﬁ 0ﬂ$
lim
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Mν(W (x, t)) = W (x)
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pG0W ν + Gx∂xW ν + Gy∂yW ν + Gz∂zW ν + KW ν = Sν(W  ),
³KFµ
&

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Sν(W ﬀ ) = −KW ﬀ + ( ﬁ 6 −G0)pW ﬀ 
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n×E + αn× n×H = 0.
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Á¤r~2#F~y{}{m°QkmﬀﬁmJ§¨§mﬁ®¶ﬁcmdy|{bd_¨ÃM§m#~Q{}m°¦ 
n×E + n× n×H = 0.
¶§%yJ¥ F¨{c¥ ~kmﬀﬁ_~z¨{F~2zm¼{|wQSm5l0SJ~#m°@Ã_mJ
α = 1
³Ky}yÆFkSm#§#m5ﬁ_~z¨{F~2zm°{|wxm
uz¨§ÃFmJ®¶qk§§¨mJc¥ _}km0¿dµﬃQkcmdy|{bmJ~
º
FÉ{k~mﬀﬁF~zÉ{}¨_~{~y}m#~Q{}mrkzikJmFÁ
¤r~Â#F~yz#}mbFe§ﬀyÉ{}mr§m  ﬂ %12"	  &,-.&0ﬂ120* ')#%ﬀﬃË_² S_ypyk­§mpz_l
~km
Ω
Ç
FQkm#§,_~|Fz{}m&k~m#F~kÉ{}¨_~g}%Qdiky}y}~Q{m0yk
Γm
mﬁ{5k~km
ﬁ_~z¨{F~¹yF}¹~Q{}m&zm0{|wxm
uz¨§ÃFmJ®¶qk§§¨mJc¥ _}km0¿5yk
Γa
Á
 	0%1* 
:")   ' 
ﬁ.%'#" *  %,:
&.%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#*+  % 
¤r~g#F~yzj#}mﬀl
~Q{m#~~Q{r§D¥ dQM{}¨_~©mJ{}k¹S#m³K_µmﬁ{°F~)ykQym
Γ = Γa
Á%¤r~ªzF¨{5§Fy
}JyFzm¼§m¼_¹k§¨jJlm°Fz«Â§¨l¨{mdyby¨ÃM~Q{ 
{
pG0W + Gx∂xW + Gy∂yW + Gz∂zW + KW = S
~y
Ω,
G−nW = 0
y
∂Ω,
³¾_µ
_¸
p = ν + iω
@Ã_mJ
ν > 0
ÇQkcSm#k{ry}yIym5lmﬁ{{}m°yFyﬃ§
º
F}lm 
{
pG0W +
k¨Ã
F (W ) + KW = S
kF~y
Ω,
G−nW = 0
yk
∂Ω.
³Hµ
@Ã_mJ
F (W ) = (GxW , GyW , GzW )
t Á
¤r~ÎzdyF~km

Ωh
~kmÂk@«zl
M{F~)_§¨w_Jz}_mk;zFl
~km
Ω
mﬁ{-_~ÎykQym.@Ã_F
kJﬁ_kS
Ωh
m#~&k~km{¨{F~5×~k¨m I ⊂ N zmﬃﬁmJ§¨§k§mJy'ÃF_§¨klQkmJy Cj ³»SFÃ@F~Q{Ä#{}meF'm#«xmJlk§¨m
{}ﬁ{}}FikJz}_mJy¼FÈikm#«zFikJkQkmJyµ 
Ωh =
⋃
j∈I Cj
ÁÆÌ%m
lF¨§§Fmﬁ_}mJySF~kF~Q{¼mdy|{-zdyF~
 Th ÁÆh%_z{-ﬁ_l0lmSFk Ω Ç Ωh QyyjJzm
zmdy º _~Q{j#}mJy°zm{|wxmlﬁ{§§¨Qkm Γmh
m#{-zm{|wxm
F¹yF}¹~Q{m
Γah
ÇkÃFJ¨×F~_{
∂Ωh = Γ
m
h ∪ Γah
@Ã_mJ
Γmh ∩ Γah = ∅
Á

Øxà[ìdì¾Ý|úà[æ@à|ì%èJåMÙ}ÝKÞßÛ·ç@ì,ædà5Ùcà|ôßôﬁﬀ ^ﬂIàì¾ÝòﬃJñFà|Ü¾ÚÛ·ôßÞJå@àeî|à JådÞxìDÞ!·ç@Þ "@à Jå@àVôóÙædÞóÙ#!·Û·çMÙôßÞßì Ù}ÝKÞßÛ·ç°ì%$ Û·ñ&|Ü¾à
ìDå@Ü,ôóÙbúbÙ}ÝKÜKÞßî|àædà'Må(°Û·ÚdÝDà|ç#å@àôßÛ·Ü¾ì#å@àﬃôßà­ëﬁà|î¶ÝKàådÜeæ)$ è|ÝDÙ}ÝVà|ìKÝ Q = G0W
âQûçﬀæ*$ ÙådÝKÜKà|ì[ÝDà|Ü¾úà|ìé_ôßàì+JìKÝ+|úà­ædà
ÜKè-,¨èÜ¾à|ç@î|à[ñÛ·å@ÜcôóÙ[æ@ÞóÙ#!·Û·çMÙôßÞßì Ù}ÝKÞßÛ·çbà|ìKÝÆôßà%ì+Jì|úà.ﬀ ^ﬂìDÛ·ådìﬁ,Û·Ü¾úàî|Û·ç@ìKà|Ü¾ëÙ}ÝDÞ ëﬁà0/ ∂t(Q) + ∂x(G¯xQ) + ∂y(G¯yQ) +
∂z(G¯zQ) + KG
−1
0
Q = S¯(Q

) â
õ»íöÆõ÷ã
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²¼~ypiFQkm¼#§#lm#~Q{dÇk§0}mJy{}ﬁ{F~2zm
W
¦0§
ﬁm#§§k§¨m
Cj
kF{}¨mJ~Q{¦0§D¥ mdyFﬁm 
Vh = {W ∈ L2(Ω)6| ∀j , W |Cj ∈ Pm(Cj)6}.
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:¾
¤r~ ﬁ_~yzjJm2ﬁb§mª#_y
m = 0
Qkp#F}mdySF~À¦È§D¥ Fkk}@«xl
M{}¨_~ÀÃF_§¨l0mdy0×~kyª³¾#mﬁ{{m
l#{ikzzmbmdy|{­ﬁ{z¨Jmpk§yem#~.z#{}§~ye§ﬀymJﬁ{F~ÂkÁ Á¨¿#µﬁÁQÌe¥ Fkk}@«xl
M{}¨_~&mdy|{­kF~bky}ﬁ_~_{}É®
~xkm_Ç_Fﬁk~mbmJ§{F~
zmp#F~Q{~xk¨{b~Æ¥ ﬁ{~Q{elQyJmbm#~Q{}mb§mJye#§#lm#~Q{}yJÁx¤r~
~{m
W j
§5ÃM§m#k
lMw_m#~k~km°z©iFl0
W
yk§ﬁm#§§k§¨m
Cj

W j =
1
Vj
∫
Cj
W dx.
ux%F~¨~Q{jJF}m°§K¥ JQ{F~È³Hµﬃyk§ﬁm#§§k§¨m
Cj
F~F¹z{}¨mJ~Q{ 
∫
Cj
(pG0 + K)W dx +
∫
Cj
zÃ
F (W )dx =
∫
Cj
Sdx,
_¹¨mJ~mJ~ﬁ_m 
∫
Cj
(pG0 + K)W dx +
∫
∂Cj
F (W ).nds =
∫
Cj
Sdx.
³(S_µ
¤r~ªk{§¨ym&k~km
º
F~ﬁ{F~gkmQz«©~xkl#}_m&ﬁmJ~Q{}#mﬀSFk¼§mJyb~Q{mJ
º
_ﬁmJyr~_{}m#}~kmJypmﬁ{°zJ#m#~z®
{}JmÂSFk0§mJy&¨~Q{mJ
º
_ﬁmdy
º
}F~Q{j#}mJy&¹yF}¹F~_{}mJy5m#{0_~;~kF{m
Gjk =
3∑
i=1
nxljkGl
F¸
njk =
(nx1jk , n
x2
jk , n
x3
jk)
t mdy|{§0~kF}l
§mrk~É{m°¦0§K¥ ¨~Q{}m#
º
Fﬁm¼m#~Q{}m°§mJyﬁmJ§¨§k§mJy
Cj
m#{
Ck
ÇkzFJm¼zm
Cj
ÃFmJ}y
Ck
ÁS¤r~F¹z{}¨mJ~Q{p§Fy 
(
S
) ⇔
∫
Cj
(pG0 + K)W dx +
∑
j∈Vj
∫
Σjk
F (W ).nds =
∫
Cj
Sdx
⇔
∫
Cj
(pG0 + K)W dx +
∑
k∈Vd
j
∫
Σjk
Gjk
(
W j + W k
2
)
ds
+
∑
k∈Va
j
∫
Σjk
(G+jkW j + G
−
jkW k)ds =
∫
Cj
Sdx.
³¾_µ
ö'ö ç0Z[\]$^
¿d  P 0 $&ﬁ* 0	
 &0*  ﬂ'.&0*/	
 ' ﬂ* 
Ł­_l0lm­~kFy%§¨meÃFm#}}F~yc§¨y%§¨_¨~%ÇJ§bﬁ_~z¨{F~ﬀF¹y_¹~Q{m[m#«xl#m
º
F¨¹k§m#lmJ~_{,ﬁ_}mJy_~
¦
G−jkW k = 0
ÁkV}m#~F~Q{#m#§0m#~©ﬁ_l0k{m5k~y5³¾Qµ·Çk_~_¹z{m#~Q{ 
(

) ⇔
∫
Cj
(pG0 + K)W dx +
∑
k∈Vd
j
∫
Σjk
Gjk
(
W j + W k
2
)
ds
+
∑
k∈Va
j
∫
Σjk
G+jkW jds =
∫
Cj
Sdx.
³¿J_µ
¤r~2Sm#z{pF§¨_}yﬃzJl0_~Q{}m#ﬃ§¨m5§m#llmﬀyk¨ÃMF~_{dÁ
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2
∫
∂Ωh
(|Gn|W , W )ds +
∫
Ωh
((νG0 + K)W , W )dx = 0,
³|¿F¿@µ
0*%ﬀﬃ  $0* % ﬀﬃﬂ #%ﬀ   ﬀﬃ* ')#%ﬀ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x   Ł­Fllm
W
mJy{,#F~y{}F~Q{'y'§p#m#§§¨k§m
Cj
mJ~-k}m#~F~Q{%§¨m­k}xkkÉ{[y}#§}mVzme§D¥ dQM{}¨_~
iFlF_j#~km°Fy}yz#¨Jm¼¦2³|¿d_µﬃ@Ã_mJ
W j
F~2F¹k{m#~Q{
∫
Cj
((pG0 + K)W j , W j)dx +
∑
k∈Vd
j
∫
Σjk
(Gjk
(
W j + W k
2
)
, W j)ds
+
∑
k∈Va
j
∫
Σjk
(G+jkW j , W j)ds = 0.
ux
Cj
~kmy#¥ kkmFy[yk,§
º
}F~Q{j#}m
∂Ωh
§p}m#§M{}¨_~-k}J#JzmJ~Q{my#¥ J#¨{b³»mJ~-{}m#~F~_{V#Flz{m
k
º
FÉ{pQkm
∑
k
Gjk = 0
µ 
∫
Cj
((pG0 + K)W j , W j)dx +
∑
k∈Vd
j
∫
Σjk
(Gjk
W k
2
, W j)ds = 0,
³|¿@Fµ
m#{py
Cj
0k~km5~_{}m#ymd·{}¨_~~k_~~xk§§mﬀ@ÃFmJr§
º
}F~Q{}¨jJm
∂Ωh
§Fy 
∫
Cj
((pG0 + K)W j , W j)dx +
∑
k∈Vd
j
∫
Σjk
(Gjk
W k
2
, W j)ds
+
1
2
∑
k∈Va
j
∫
Σjk
(|Gjk |W j , W j)ds = 0.
³¿JË_µ
y}Fi~Q{ﬃQkm
Gjk = G
+
jk + G
−
jk
m#{ |Gjk | = G+jk −G−jk
Á
õ»íöÆõ÷ã
 
		ﬁﬀﬃﬂ !"$#%ﬀ&ﬁ(')ﬁ*"	+" &,-./&0ﬂ120*')#ﬀ% ¿0H
V~ªyFll
~Q{ﬃ§¨mdy}m#§M{F~y¼³¿dµm#{-³|¿dËFµﬃyﬃ{Fk{mJyb§¨mdyﬁm#§§k§¨mdy
Cj
_~_¹z{m#~Q{
1
2
∫
∂Ωh
(|Gn|W , W )ds +
∫
Ωh
((νG0 + K)W , W )dx +
1
2
∑
Σjk∈Finth
∫
Σjk
((GjkW k, W j)− (GjkW j , W k)) ds = 0,
³¿#Qµ
ky}Qkm
Gkj = −Gjk mﬁ{
F¸½F~ ~k{} F inth
§K¥ m#~ymJl-¹k§m©zmJy
º
_ﬁmJy0~Q{m#}~kmdy#Á V~½{}m#~F~_{
#Flz{}m°k
º
FÉ{pQkm.³¾ÃF_¨ﬃ§&_Qy¨{F~¿d&zm5§D¥ F~k~kmﬁ«zm"HxÁßµ 
(GjkW k, W j)− (GjkW j , W k) = (GjkW k, W j)− (GjkW k, W j)
= 2=((GjkW k, W j)),
m#{¼ky}Qkm0§¨mdyrl
{}#mJy |Gn| mﬁ{ (νG0 + K) yF~Q{°ikm#}lÉ{}¨mJ~k~kmJy³K#°ywQl#{}Qkmdyr}#mJ§¨§mJyµ·ÇSF~
#F~y{}{mÂQkm§ª{mÂ}#mJ§¨§mÂzm§K¥ JQ{F~Ï³|¿JQµﬀmJy{&mﬁ«k_·{mJlm#~Q{-§ª}m#§M{F~Î}mJim#ik#m_Á¤rJÇ
~y°§l0mdym0F¸§¨mdy°l
M{}ﬁmJy |Gn| mﬁ{ (νG0 + K) y_~Q{°}mJySmJ·{}¨Ã_m#lm#~Q{°Qy¨{ÃFmm#{-zﬁ×~¨m
S_y¨{ÃFm
³¾J
ν > 0
µ·Çk_~2#F~#§¨k{Qkm5§ymJk§mﬀy_§¨z{}¨_~k_¹k§¨jJlm¼iFlF_j#~km¼mJy{b§
yF§z{}¨_~
~xk§§mFÁ
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¤r~2ﬁ_~yzjJmr#c§¨m°#_y
m
QkmJ§#F~Qkm¼QkÆﬁ_}mJy_~.¦&k~km5k@«zl
M{F~
J§¨Jlm#~Q{}y×~y
SF§wx~kFl§mª³¾#mﬁ{{}m.lﬁ{}ikzzmFÇ'k§¨yﬀF{}#k§¨j#}m#lmJ~_{5§©ÃM}F~Q{m
m = 1
ÇÆmJy{-#{z#mÂk§¨yﬀm#~
kﬁ{}F¨§,kF~yb§ÂymJﬁ{F~gzÁ ÁßµﬁÁcŁ­_l0lm&kdﬁdzm#llm#~Q{JÇS§D¥ Fkk}@«xl
M{}¨_~mdy|{°zF~-zy#F~Q{~xkmFÇ
Fﬁ~km°mJ§{F~2zm5ﬁF~Q{}¨~xk¨{5#{}~Q{l0S_y#m°mJ~_{}m°§mJyJ§¨Jlm#~Q{}yJÁ
ux'F~©~Q{}xkkÉ{r§¨mdymJyF#mJy
PHs
km
º
F~ﬁ{F~y
Hs
bl_}#mJk«IÇkkﬁ×~kyp#Fllmﬀ§mJy
º
_~·®
{}¨_~ybQk%yF~Q{§xJ§m#lm#~Q{
Hs
ykbk~km5{¨{F~©zm
Ω
³»Fbmﬁ«zm#lk§mﬀykb§mJyﬃFÃFm#{}y
Ωj
F¸2§mJy
{}m#~ym#}y
ε
mﬁ{
µ
y_~Q{ﬃ#F~y{}F~_{y}µﬁÇ_mJ~ÂlQyF~_{Qkm
W ∈ (PHs)6 ÇzF§¨_}y­F~_~Q{}É{e§D¥ mﬁ«zy{mJ~ﬁm
kmJy{F#mJyyk§D¥ mJ~ymJl-¹k§mJykmJy
º
F#mJy
º
}F~Q{j#}mJy_~Q{mJ~kmdy#Á
  x¡;¡ 
=
 0ﬀﬃﬂ  $&#%ﬀ  $% ﬀﬃ!
Cj
Oﬁﬀﬃﬂ  $&#%ﬀ %0*  ')0*2 
U ∈ Vh   & ﬁ ﬀﬃ(')ﬁ* W h ∈ Vh
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
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∫
Cj
((pG0 + K)W j , U j)dx −
∫
Cj
(F (W j),∇U j)dx
+
∑
k∈Vd
j
∫
Σjk
(GjkW k, U j)ds
+
∑
k∈Va
j
∫
Σjk
(|Gjk |W j , U j)ds = 0.
³¿dFµ
ö'ö ç0Z[\]$^
¿;S  P 0 $&ﬁ* 0	
 &0*  ﬂ'.&0*/	
 ' ﬂ* 
 x   ?uxcF~¨~Q{}j#F}m³HMµﬃykﬃk~km5ﬁmJ§¨§k§m
Cj
zl
§¨§_m¼Fkjdyﬃ@ÃFF
º
FÉ{b§m°k}xkkÉ{by}#F§F¨}m
@Ã_mJrk~km
º
_~·{}¨_~Â{}mJy{
U
_~_¹z{m#~Q{
∫
Cj
((pG0 + K)W j , U j)dx +
∫
Cj
(
zÃ
F (W j), U j)dx = 0.
Ì%m°{ikJF}j#lm5zmﬀ¯¼mJm#~z®¶m#l
~k~~k_yﬃmJlm#{p§FyÆ¥ dﬁ}¨}m 
∫
Cj
((pG0 + K)W j , U j)dx −
∫
Cj
(F (W j),∇U j)dx
+
∫
∂Cj
(F (W j).n, U j)ds = 0.
³¿J_µ
Ł­_l0lmkF~y§¨mﬃ#_ykm­§pl#{ikzzmﬃÃF_§¨l0mdy'×~ky#Ç@F~0z{}¨§ymk~km
º
F~ﬁ{F~0zm Qz«-~xkl#}_m
#m#~Q{}#mr_kﬃ§¨mdyﬃ¨~Q{}m#
º
Fﬁmdye~Q{mJ~kmdymﬁ{zJ#m#~Q{}#m¼_kﬃ§¨mdy¨~Q{mJ
º
_ﬁmdy
º
}F~Q{}¨jJmdy­F¹y_¹~Q{mdyVmﬁ{
_~&~{m
Gjk =
3∑
i=1
nxljkGl
_¸
njk = (n
x1
jk , n
x2
jk , n
x3
jk)
t mJy{[§°~k_l
F§¨mﬃk~k¨{}F¨}m¦°§K¥ ~_{}m# º F#m
mJ~Q{}m¼§mJy#m#§§¨§¨mdy
Cj
m#{
Ck
Çkz¨}F#m5zm
Cj
ÃFmJ}y
Ck
ÁS¤r~F¹z{}¨mJ~Q{p§Fy 
∫
Cj
((pG0 + K)W j , U j)dx −
∫
Cj
(F (W j),∇U j)dx
+
∑
k∈Vd
j
∫
Σjk
(Gjk
(
W j + W k
2
)
, U j)ds
+
∑
k∈Va
j
∫
Σjk
((G+jkW j + G
−
jkW k), U j)ds = 0.
³¿ Hµ
Ì'-ﬁ_~z¨{F~.F¹y_¹~Q{mm#«xl#m
º
F¨¹k§m#lmJ~_{ﬃﬁ_}mJy_~
¦
G−jkW k = 0
ÁFemJ~~Q{#m#§5m#~
#Flz{}m°~yﬃ§D¥ dQM{}¨_~³¿ HµﬁÇkF~F¹k{m#~Q{ 
∫
Cj
((pG0 + K)W j , U j)dx −
∫
Cj
(F (W j),∇U j)dx
+
∑
k∈Vd
j
∫
Σjk
(Gjk
(
W j + W k
2
)
, U j)ds
+
∑
k∈Va
j
∫
Σjk
(G+jkW j , U j)ds = 0.
³¿
S_µ
[bF¨§§m#ky#Çz§m°¹k§F~2kmRQz«ykbi__m°#m#§§¨§¨mﬀyJ¥ dﬁ}É{
∫
∂Cj
GjkW jds =
∑
k∈Va
j
∫
Σjk
GjkW jds +
∑
k∈Vd
j
∫
Σjk
GjkW jds,
õ»íöÆõ÷ã
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∫
Cj
((pG0 + K)W j , U j)dx −
∫
Cj
(F (W j),∇U j)dx
+
1
2
∫
∂Cj
(GjkW j , U j)ds
+
1
2
∑
k∈Vd
j
∫
Σjk
(GjkW k, U j)ds
+
∑
k∈Va
j
∫
Σjk
(G+jk −
Gjk
2
)W j , U j)ds = 0,
³¿J_µ
#m5_ÆJQkÃMz{b¦ 
2
∫
Cj
((pG0 + K)W j , U j)dx − 2
∫
Cj
(F (W j),∇U j)dx
+
∫
∂Cj
(GjkW j , U j)ds
+
∑
k∈Vd
j
∫
Σjk
(GjkW k, U j)ds
+
∑
k∈Va
j
∫
Σjk
(|Gjk |W j , U j)ds = 0.
³D_µ
V~yk¨{m_ÇemJ~Z}#z{}¨§yF~_{
§m2{ikJF}j#lm©zmg¯¼}m#m#~k® m#l
F~k~ÆÇ,l
y.ﬁm#{{m
º
_y® #bk~y§K¥ z{}m
ym#~y#Çz_~Â{}_kÃFm 
2
∫
Cj
((pG0 + K)W j , U j)dx − 2
∫
Cj
(F (W j),∇U j)dx
+
∫
Cj
(
zÃ
F (W j), U j) + (F (W j),∇U j)dx
+
∑
k∈Vd
j
∫
Σjk
(GjkW k, U j)ds
+
∑
k∈Vaj
∫
Σjk
(|Gjk |W j , U j)ds = 0.
V~©}Jkky}~Q{ﬃ§¨mdyﬃ{mJlmdyﬃF~F¹z{}¨mJ~_{b§0mJ§{F~zJy¨}#m_Á
ux%F~2y_l0lm5§mJyﬃ}m#§M{}¨_~y°³KFµﬃykﬃ{}Fz{}mJyﬃ§mJyb#m#§§¨k§mJy
Cj
F~F¹z{}¨mJ~Q{b§0}m#§M{F~2yk¨ÃMF~_{}m 
a(W , U) + b(W , U ) + c(W , U ) = 0,
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_¸
a
Ç
b
mﬁ{
c
y_~Q{ﬃ§mJy
º
F}l0mdyymdyQk§¨~kdmdy­ykÃM~Q{mdy 
a(W , U ) =
∫
Ωh
((pG0 + K)W , U )dx,
b(W , U) =
∫
Ωh
(−F (W ),∇U )dx,
c(W , U ) =
∑
Σjk⊂Fint
∫
Σjk
((GjkW k, U j)− (GkjW j , Uk))ds
+
∫
∂Ωh
(|Gn|W , U )ds.
³Dz¿dµ
Ì'ªk}FS_yÉ{}¨_~Àyk¨ÃMF~_{}mÂÃM)~kFy&Sm#}l0m#{{}m2zmÂ_kÃFmJ&Qkm~k{}mk_¹k§j#lmzy}ﬁ}mﬁ{&mdy|{
¹¨mJ~S_yFÁ
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a
%
b
	 .*')% 	+&ﬁ*
 


%ﬂ'  %*  <(a(W , U )) =
<(b(W , U )) 
 x    uxÆ_~~kF{m
b˜(W , U) = b(W , U )− a(W , U ) F~Sm#z{bÃ_F º Fﬁ§m#lm#~Q{bQkm 
b˜(W , U) =
∫
Ωh
((
zÃ
F (W ), U )− (F (W ),∇U )) dx,
mdy|{bzm5{m¼}#mJ§¨§m°~xk§¨§m5m#~lF~Q{~Q{bQkm
b˜(W , U ) = −b˜(U , W ) Á
 MÑ @eÑS
:¾Ó
:¾Ñ
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a

b

c
	 .*')%	&0*
 


%ﬂ'  %*  
<(a(W , W ) + b(W , W ) + c(W , W )) = 2
∫
Ωh
((νG0 + K)W , W )dx
+
∫
∂Ωh
(|Gn|W , W )ds = 0,
³DFFµ
0*%ﬀﬃ  $0* % ﬀﬃﬂ #%ﬀ   ﬀﬃ* ')#%ﬀ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%$  &"0 ﬀﬃ(')ﬁ* * ﬀﬃ  
 x   ²¼~y­k~ÂmJl0m#­{mJly#Çzy}FiF~Q{­Qkm
p = iω + ν
m#{ﬃQkm
(νG0 + K)
mJy{k~mrl
M{}ﬁm
ywxlﬁ{}_m¼}#mJ§¨§m5zﬁ×~k¨m°S_yÉ{}¨Ã_m 
<(a(W , W )) =
∫
Ωh
((νG0 + K)W , W )dx.
³KFË_µ
V~©_z{}m 
(GjkW k, W j)− (GjkW j , W k) = (GjkW k, W j)− (GjkW k, W j) = 2=((GjkW k, W j)),
m#{bF~F¹z{}¨mJ~Q{Qkm 
<(c(W , W )) =
∫
∂Ωh
(|Gn|W , U)ds. ³KQµ
õ»íöÆõ÷ã
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V~y_llF~Q{&³KFËFµm#{0³K_µpmﬁ{rmJ~2{mJ~~Q{¼#Flz{}m&zm&§
_Qy¨{F~Î¿ÇSF~gm#{}FkÃ_m5§K¥ #Q§É{}
³¿JFµﬁÁx¤rdÇk~y[§°lmdyk}mF¸ |Gn| mﬁ{ (νG0 +K) y_~Q{ezmJy[l
{}#mikm#}lÉ{}¨mJ~k~kmJyVmdySmJﬁ{ÃFm#lmJ~_{
S_y¨{ÃFmÂm#{0z#×~kmS_y¨{ÃFm)³K#F
ν > 0
µ·Ç,ﬁmdﬁm#~Q{ ÷~km_m
W = 0
m#{0§gym#§¨my_§¨z{}¨_~Àz
_¹k§¨jJlm¼iFlF_j#~km¼mJy{b§yF§z{F~~xk§§¨m_Á
 
3(5' ﬁﬀ!*	 589: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 
 
,Fk#}¨Ã_m#-§)ÃFm#y¨_~;lF~kzzlm#~y¨_~k~kmJ§¨§mz ywxy{jJlmzm2qªM«z¬m#§§ﬃF~;k}m#~Àﬁ_ll0m
k¨}mJﬁ{F~;zm._QM{F~Èzm.§D¥ F~zm
k = (k, 0, 0)t
ﬁmÂQkﬃﬁ_}mJy_~¦©§gz¨}mJﬁ{F~
x
Ç'm#{-§
SF§}y{F~)kÈil)J§¨md·{}Qkm0{m#§§m._m
E = (0, 0, Ez)
t Á%Ì%SF§}y}M{}¨_~)zÎiFl0Èl
M®
_~kﬁ{}QkmpmJy{zdzk¨{mrkÂk}zzk¨{eÃFmd·{_m#§
k×E ﬁm¼QkSkF~k~km H = (0, Hy, 0)t ÁV~ykQyF~Q{
mJ~gk§y°Qkm
Ez
mﬁ{
Hy
yF~Q{¼zmdy
º
F~ﬁ{F~y¼zm
x
mﬁ{
t
k~kQkm#lmJ~_{5_~ªF¹z{}¨mJ~Q{°§mJy¼d_M{F~yrzm
qgM«z¬­mJ§¨§ﬃmJ~½~km©z¨lmJ~yF~Ê³»_~ ~k{}m#)y¨lk§m#lmJ~_{
E
mﬁ{
H
¦§k§F#mkm
Ez
mﬁ{
Hy
µ·Áﬃ¤r~
ykkS_ym5y}yÆ_m
σ = 0
#m5_Æm#~Q{~km°Qkm
J = 0


∂
∂t
(εE)− ∂H
∂x
= 0,
∂
∂t
(µH)− ∂E
∂x
= 0.
³DFFµ
¤r~©yFkiFÉ{}mr#{k¨mJb§¨mﬀywzy|{}j#lm
³K_µﬃy§K¥ ¨~Q{}m#}Ã@F§¨§m  Ç ¹ 
DÁS¤r~2z_É{bz_~5zﬁ×~k¨§mJypﬁF~zÉ®
{}¨_~y¼z«2§¨lÉ{}mJy¼m#~
x = a
mﬁ{
x = b
ÁSpkSm#§F~y¼QÆ¥ ¨§mJy{rS_y}y¹k§m&zm&dy_z}mﬀ§mJyrJQM{}¨_~y
kmﬀqªM«z¬m#§§Æm#~ªiFl{}{§Æ_©m#~©ilªzI}_·{_Ák,Fk
º
F}lF§¨ym#by¨l&k§É{~kJlm#~Q{p§mJybzmJz«
º
_l&k§M{F~y#Çz_~~Q{}xkkÉ{b~©ljﬁ{}m
ξ
ÃM§~Q{b§¨{m#}~{ÃFm#lmJ~_{b
yÆF~2yFkiFÉ{}m5dy_z}m
³DFµ¼mJ~ÎilÎzSFﬁ{ª³¾~yﬀ#m
#Fy
E
kJy¨_~km#Âlk§#É{}m#lm#~Q{
E


µ¼F ¿
yeF~Îy_kiFÉ{}m
}JyFzm°ﬁm5ywzy|{}j#lm°m#~©il{F{}§V³¾mﬁ{
E
zdyF~kmJ}
E

µ·Á
,FeﬁmQk#F~#m#}~kmﬃ§¨mdyVﬁ_~z¨{F~y[Fz«&§¨l¨{mdy#Ç~Fy[ik_yyyF~y,zmb#F~yz#}m#,k~kmrﬁF~zÉ®
{}¨_~glﬁ{§§¨Qkm-mJ~
x = b
ÃFJ¨×F~_{
E

(b) = 0
mﬁ{°k~kmﬁ_~z¨{F~)F¹yF}¹~Q{mﬀkm-{|wxSmux§ÃFm#®
q k§¨§m#0c¥ Fzmg¿.m#~
x = a
Ã_#}É×F~Q{
[E

 
− zH


](a) = 0 
Á[ux­_~ÎJ#¨{0#mJy-#F~kÉ{}¨_~y-zm
l
F~k¨jJm5¦ﬁ_~ﬁ§¨mJ§mJypzm#z«
º
F}l-k§M{}¨_~y#Çz_~ 
{
E

(b) = 0
[E


− zH

 
](a) = 0
⇔
{
E(b) + (1− ξ)E

(b) = 0
[E − ξE

](a)− z[H − ξH

](a) = 0
⇔
{
E(b) = (ξ − 1)E

(b)
[E − zH ](a) = ξ[E

− zH

](a).
¤r~kz#jJzm¼l
~_{}m#~F~Q{¦&§K¥ Fzlm#~yF~k~kmJlm#~Q{ﬃkmJyJQ{F~y¼³K_Fµem#~mImJ·{}~Q{ﬃ§¨mdyﬃi~z®
_m#lm#~Q{yzm°Ã@F¹§¨mdyykÃM~Q{}y 

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
x˜ =
x
L0
mﬁ{
t˜ =
c0t
L0
c˜ =
c
c0
= cr
E˜ =
E
z0H0
mﬁ{bzmJl6_k
E

,
H˜ =
H
H0
mﬁ{bzmJl6_k
H

.
_¸
c0 =
1√
ε0µ0
Ç
z0 =
√
µ0
ε0
Ç
H0
mJy{b§K¥ ~_{}m#~y¨{ﬀz©iFl02l
_~kﬁ{}Qkm5zm5}
º
JmJ~ﬁm°m#{
L0
§
§F~FkmJkzm5
º
#}m#~#mFÁk²¼~y#m5#FyJÇz~k_y@ÃF_~y 

∂t(εE)− ∂xH = 0
∂t(µH)− ∂xE = 0
E(b) = (ξ − 1)E

(b)
[E − zH ](a) = ξ[E

− zH

](a)
⇔

∂t(ε0εrz0H0E˜)− ∂x(H0H˜) = 0
∂t(µ0µrH0H˜)− ∂x(z0H0E˜) = 0
[z0H0E˜](b) = (ξ − 1)[(z0H0E˜  ](b)
[z0H0E˜ − z0zrH0H˜ ](a) =
ξ[z0H0E˜  − z0zrH0H˜  ](a)
yF¨{m#~#F}mFÇzmJ~y¨lk§¨×~Q{bF
H0
m#{bm#~{mJ~~Q{pﬁ_lz{m5zm5§D¥ _zl0mJ~y¨_~k~km#lmJ~_{bzm
t
mﬁ{
x


∂t˜(
ε0εrz0c0
L0
E˜)− ∂x˜( H˜
L0
) = 0
∂t˜(
µ0µrc0
L0
H˜)− ∂x˜(z0E˜
L0
) = 0
[z0H0E˜](b) = (ξ − 1)[(z0H0E˜  ](b)
[z0H0E˜ − z0zrH0H˜ ](a) = ξ[z0H0E˜  − z0zrH0H˜  ](a),
@Ã_mJ0§mJy°~kF{}M{}¨_~yﬀ#§_yyQkmdy
∂t =
∂
∂t
mﬁ{
∂x =
∂
∂x
Á%_k-#F~#§¨k}mFÇÆFk}jJy5y¨lk§É×S#M{}¨_~ÆÇÆ_~
_¹z{m#~Q{

∂t˜(εr)E˜ − ∂x˜(H˜) = 0
∂t˜(µrH˜)− ∂x˜(E˜) = 0
E˜(b) = (ξ − 1)E˜

(b)
[E˜ − zrH˜ ](a) = ξ[E˜  − zrH˜  ](a),
³D_µ
²¼~yﬀ§©yk¨{mFÇ%_k-§§#FmJ5§¨mdy5~kF{}M{}¨_~yJÇc~kFy-¹F~zF~~kF~y¼§m.ywxl&¹_§¨m
˜
SFk5{}Fz{}mJy
§mJyÃM}F¹k§mJy
m#{~k_yÂ~{_~yÂyl0§¨mJl0mJ~Q{
ε
Ï§m# zm
εr
³»m#{zm#l+SFk
µr
µﬁÁ¤r~ F¹z{}¨mJ~_{
õ»íöÆõ÷ã
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 FË
F§¨_}yek~ywzy|{}j#lm
º
_lmJ§¨§m#lm#~Q{JQkÃ@F§¨mJ~Q{ywzy{jJl0mr¨~É{}F§,³DFµﬁÁ¤r~.¨~Q{}zzk¨{ﬃ§¨mdy­QF~_{}É{}Jy
ykÃM~Q{mdy 
W =
(
E
H
)
, θ =
(
ε 0
0 µ
)
, A =
(
0 −1
−1 0
)
, F (W ) = AW.
³KOHµ
p§¨_}yJÇÆ§mJy-km#z«Èk}m#l¨jJmdy°JQ{F~yﬀk;ywzy{j#lmª³D_µ5mJkÃFmJ~_{0ym
}#dﬁ}¨}m
y_y5§
º
F}l0m
#F~ym#}ÃMM{}¨Ã_m¼ykÃ@F~Q{m 
θ
∂W
∂t
+
∂F (W )
∂x
= 0.
³K+S_µ
npFyykQy_~y[l
~Q{mJ~~Q{­Qkmb§mril
W
yÉ{e~kmrzJmJ~kF~ﬁmri}lF~kQkmm#~
{}m#ly
km¼k§y}M{}¨_~
ω˜ ∈ R ÃFJ¨×~Q{ ω˜ = ω
c0
Áh%_z{bﬁ_l0lm°SFkﬃ§mJyk{}mJyÃM}F¹k§¨mdy#Çx_~_yy¨l§¨m
ω˜
¦
ω
ÇkyÆ¹km#~2Qkm.³K+SFµﬃzmJÃQm#~Q{ 
iωθW (x) +
∂F (W )
∂x
= S,
³KF_µ
_¸ÆÇ'#Fllm.F~Î§D¥ ©lF~Q{}ÂkF~y5§ªymd·{}¨_~ÀzÁßxÇ'§m
{}m#}l0my_k}#m
S
mJy{-~xk§yF~È{}}@ÃM§§¨m
mJ~
ilÂ{}{§cmﬁ{b~F~~Q§%k~yﬃ§¨mﬀJFyﬁ_~Q{m_Á
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¤r~Îzy##{ym§D¥ ~Q{mJÃM§§m  Ç ¹ 
VmJ~
N
#m#§§¨§¨mdy
Cj
zm.{}§§¨m
∆xj

Cj = [xj− 1
2
, xj+ 1
2
]
@ÃFmd
x 1
2
= a
mﬁ{
xN+ 1
2
= b
³»ÃF_¨§&×FmﬀµﬁÁ
ii−1 i+1 N N+1N−1
N−1/2 N+1/2
0 1 2
1/2 3/2 i−1/2 i+1/2
a b
C i
45768S 9Â²ry}ﬁ}ﬁ{}y}M{}¨_~zm5§D¥ ¨~Q{mJÃMF§¨§m  Ç ¹ 

Ì%mJyﬁmJ§¨§k§mJy
C0
mﬁ{
CN+1
mJkdymJ~Q{m#~Q{ﬃzmJyﬃﬁmJ§¨§k§mJy×ﬁ{ÃFmdyQkÆym#}Ãx¨}F~Q{ﬃk~yﬃ#m°Qkcyk¨{¦
J§ﬁk§m#ﬃ§mJy Qz«k«Â_¨~Q{y
x = a
mﬁ{
x = b
Á
,Fk~km
º
F~·{F~2Ã_mJ·{}F}¨mJ§¨§m
W
F~2~kF{m
Wj
§0Ã@F§¨mJklMwFmJ~k~km5zm
W
yk§ﬁm#§§k§¨m
Cj

Wj =
1
∆xj
∫
Cj
W (x)dx.
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¤r~)~k{}m#ÂJ_F§¨mJl0mJ~Q{
Wj± 1
2
§ÃMF§¨mJk¼Fkk}zik#mzm
W
¦§K¥ ¨~Q{}m#
º
Fﬁm0m#~Q{}m0§¨mdy°ﬁm#§§k§¨mdy
Cj
mﬁ{
Cj±1
³
Wj± 1
2
≈ W (xj± 1
2
)
µ·Á e~-~_{}#_}F~_{§K¥ JQ{F~Â³DQµ%yk§¼ﬁmJ§¨§k§m {Cj}1≤i≤N Ç@F~&F¹z{}¨mJ~Q{ ∫
Cj
(iωθW (x) + [F (W (x))]x) dx =
∫
Cj
S(x)dx
⇔ iω
∫
Cj
θW (x)dx +
∫
Cj
[F (W (x))]xdx =
∫
Cj
S(x)dx
⇔ iω∆xjθjWj +
(
F (W (xj+ 1
2
))− F (W (xj− 1
2
))
)
= ∆xjSj
⇔ iω∆xjθjWj +
(
Fj+ 1
2
− Fj− 1
2
)
= ∆xjSj ,
³KËF_µ
_¸
εj
m#{
µj
y_~_{b§mJyr#F}_·{Jy{_mJy#§mJﬁ{}Fl
_~kﬁ{}QkmdyFy}yzﬁ#mdyb¦§.ﬁmJ§¨§k§m
Cj
ÇykkS_y#mJy
#F~y{}F~Q{mJy[yk
Cj
Á_,Fe§§¨mJk}yJÇ
Fj± 1
2
mdy|{V~kmpk@«zl
M{F~z Qz«
F (Wj± 1
2
)
Fz«
º
}F~Q{j#}mJy
kmJy[ﬁmJ§¨§¨§mJyJÁ@_k[§mJy
º
F#mJy,~_{}m#}~kmJy {xj+ 1
2
}1≤j≤N−1 Ç#mJy Qz«0y_~_{[#F§#k§Jy[zmﬃl
~kj#}mﬃﬁm#~Q{}Jm
 ËFË 
 

Fj− 1
2
=
1
2
(Fj + Fj−1) = A
(
Wj + Wj−1
2
)
Fj+ 1
2
=
1
2
(Fj + Fj+1) = A
(
Wj + Wj+1
2
)
ux%F~¨~M|md·{}m-ﬁmdyﬃmﬁ«zk}mJy}yF~zm5k~y-³¾ËF_µ·Çk_~_¹z{m#~Q{bSFk
j ∈ {2, ..., N − 1} 
iω∆xjθjWj + Fj+ 1
2
− Fj− 1
2
= ∆xjSj
⇔ iω∆xjθjWj + 1
2
(AWj+1 + AWj)− 1
2
(AWj + AWj−1) = ∆xjSj ,
³KËk¿dµ
#m5_%zF~~km 
−AWj−1 + 2iω∆xjθjWj + AWj+1 = 2∆xjSj . ³KË_Fµ
¶§zyJ¥ FF¨{'l
~Q{m#~~Q{zmk}m#~km­m#~-#Flz{m§mJyﬁF~zÉ{}¨_~yz«5§¨l¨{mJyJÁMqªy~kFy'zmJÃF_~y%F
d§¹k§me}JF§¨ymJ,k~0J§ﬁk§zJ§¨l¨~F¨}mﬃ_z~kFy,ym#pk{§¨mﬃSFk[§m{¨{m#lmJ~_{Vzmﬃ§r#F~kÉ{}¨_~
F¹yF}¹~Q{m¼zm°{|wxm-uz¨§ÃFmJ®¶qk§§¨mJJÁ
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Ì%m.ywzy{j#lm.zm.qgM«z¬­mJ§¨§V{m#lSF}m#§p³DFµ5mJy{-zm
~M{}k}m
iQwxSm#}¹_§¨Qkm
zF~
zFF_~§y}¹§¨m_Á
Ł­mJmJ~kF~_{dÇÆﬁm#{{m
z_F~F§¨y}M{F~)zF¨{°yJ¥ FS#}m#5y¼§m
ywzy{jJl0m
zm
qª«z¬­mJ§¨§,J#¨{5y_y
º
F}l0m
#F~ym#}ÃMM{}¨Ã_m 
∂Q
∂t
+
∂G(Q)
∂x
= 0,
³¾Ë_Ë_µ
@Ã_mJ 
õ»íöÆõ÷ã
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Q =
(
D
B
)
=
(
ε 0
0 µ
)(
E
H
)
mﬁ{
G(Q) = MQ
@Ã_mJ
M =
 0 − 1µ
−1
ε
0

Ì'0kFFF~§y}M{}¨_~zm
M
y#¥ J#¨{b§Fy
M = PΛP−1
@Ã_mJ 
Λ =
( −c 0
0 c
)
, P =
(
1 1
z −z
)
mﬁ{
P−1 =
1
2
(
1 z−1
1 −z−1
)
.
²&¥ Fz{}m0{JÇcy[¨~Q{}zzk¨{¼§mJy¼~kF{}{F~y
x+ = max(x, 0)
mﬁ{
x− = min(x, 0)
SF
x ∈ R Ç
_~Qkm
x = x+ + x−
mﬁ{pQkm |x| = x+ − x− Á V~©k§¨Q~Q{bﬁmdy~kF{}M{}¨_~yﬃz«#§#lm#~Q{yzmJy
l
{}#mJyﬃﬁ¨® kmJy}yyJÇzF~2z#×~k¨{ 
Λ− =
( −c 0
0 0
)
, Λ+ =
(
0 0
0 c
)
mﬁ{ |Λ| =
(
c 0
0 c
)
.
²rm.§¦kÇÆ_~Èkﬁ×~k¨{-yyV§mJy5l
M{}ﬁmdy5zm Qz«Qy¨{
º
yﬀm#{ﬀ~k#QM{}
º
yJÇÆmﬁ{ﬀ_~Èm#{}FkÃ_mF§¨_}y¼§mJy
}m#§M{}¨_~y0mﬁ«zk}¨lJmJy0k§yik{JÁ­¤r~ )mJ~Zm Sm#{
M± = PΛ±P−1
m#{ |M | = P |Λ|P−1 Á­Ł­mJy
l
{}#mJyÃFJ¨×m#~Q{¹km#~
M = M+ + M−
mﬁ{ |M | = M+ −M− Á V§§mJyﬃÃM§m#~Q{b}mJymd·{ÃFmJlm#~Q{
M+ =
1
2
 c − 1µ
−1
ε
c
 , M− = 1
2
 −c − 1µ
−1
ε
−c
 mﬁ{ |M | = |Λ| = c  2.
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Ì%me#_zm[mdy|{§¨m­ykÃM~Q{ JF~5l0S_ymVk~meﬁ_~z¨{F~ﬀ¹y_¹F~Q{m[5SF~Q{
x = a
ÇJk~kme#F~z¨{F~
l#{}§§Qkm-FªSF~_{
x = b
Çm#{rF~ªyFi¨{mﬀmJ~xÃFMwFmJk~km&F~zm-¨~#km#~Q{m
W

Qkym&k__m
km
x = a
Ã_m#y5§D¥ ~Q{#}m#k-km  kÇ ¹ 
DÁ[Ł­Fllm.~k_yﬀ§D¥ @Ã_F~y°dﬁy.dﬁJkm#llm#~Q{JÇﬁmﬁ{{m._~zm
~#zmJ~Q{mrkm#Ãx}ﬀÄﬁ{}mp~Jﬁmdyy}}m#lm#~Q{­yF§z{F~zmJy­JQ{F~y­zm¼qgM«z¬­mJ§¨§DÁF,_ky}M{}y
º
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ywzy|{}j#lm°§¨~kdm°}Jyk§É{~Q{JÁ
'ÃM~Q{c¥ mﬁ«zk}l0mJ'§m­ywzy|{}j#lmp³¾__µ%y_y
º
F}l0mel{}#¨mJ§¨§mFÇd~k_y%F§¨§F~y'§melzzÉ×m#,zm
º
 ﬁF~ﬀ¦
_¹z{mJ~kVzmJy,k}Fﬁ{}Jy,}m#l
Q¹k§mJyyk[§°l
{}#mﬃ#F}mdySF~k~Q{m_ÁM¤r~
z#×~k¨{[{_z{ec¥ ¹SF	
Θ =

θ1

2 . . . . . .

2

2 θ2
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
θN−1

2

2 . . . . . .

2 θN

@Ã_mJ
θj =
(
εj 0
0 µj
)
.
Ł­_l0lm ∀j ∈ {1, ..., N} , (εj , µj) ∈ (R∗+)2
ÇV§bmJy{Âﬁ§.Qkm
Θ
mdy|{.k~m©l{}#mªzﬁ×~k¨m
S_y¨{ÃFmFÁeuzbF~½Qym
Dj = 2ω∆xjθj
Ç
Zj = cjθj =
(
z−1j 0
0 zj
)
ÇVmﬁ{ÂyF~½~kF{m©Qkm
R¯N ≡
RNθN =
(
0 −1
1 0
)
Ç§FyF~mJz{p}#J#}mp§mﬀywzy{j#lm
³»QFµﬃyFyﬃ§
º
F}l0m 

(iD1 + Z1)W1 + AW2 = 2(∆x1S1 + ξγ 1 ),
−AWj−1 + iDjWj + AWj+1 = 2∆xjSj , SFk 2 ≤ j ≤ N − 1,
−AWN−1 + (iDN + R¯N )WN = 2(∆xNSN + (ξ − 1)γ N ),
³¾¿dµ
m#{JÇyFy
º
_lm5l
M{}ﬁm#§§m 
AW = b ³»xFµ
_¸ A Ç W mﬁ{ b yF~Q{bz_~k~kJyb 
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A =

iD1 + Z1 A

2 . . . . . .

2
−A iD2 A
Á
Á
Á
Á
Á
Á

2
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á

2
Á
Á
Á
Á
Á
Á
Á
Á
Á
iDN−1 A

2 . . . . . .

2 −A iDN + R¯N

,
W =

W1
W2
Á
Á
Á
Á
Á
Á
Á
Á
Á
WN−1
WN

, b =

2(∆x1S1 + ξγ 1 )
2∆x2S2
Á
Á
Á
Á
Á
Á
Á
Á
Á
2∆xN−1SN−1
2(∆xNSN + (ξ − 1)γ N )

.
npFy°§§F~yrl
~_{}m#~F~Q{¼lF~Q{}mJ¼Qkm0§¨mywxy{jJlm&§¨~J}m³»xµrmJy{r{}FM|_kyp~xÃFm#y¨¹k§mFÇIﬁm
QkmJÃQm#~Q{V¦5zJl0_~Q{}m#,§K¥ mﬁ«zy|{}m#~#mmﬁ{V§D¥ ~k#É{}pzm§5y_§¨k{F~zk_¹k§j#lmbzy##{y_Á_Ł­Flz{m
{}m#~x2zmJy_kﬁ{}Jyﬃzm5§0l{}#m
Θ
ÇzF~mJy{b}Fl0mJ~k5¦z#lF~Q{}mJ§D¥ ¨~xÃFmJ}y¹k¨§É{}5zm°§l
M{}ﬁm
A Ák,Fk º _ﬁ§¨¨{mJbﬁmﬁ{{mﬀzJlF~y{M{F~%ÇQ_~2¨~Q{}zzk¨{§¨mdyl
M{}ﬁmJy D Ç Z mﬁ{ R Çz#×~kmJyﬃF
D =

D1

2 . . .

2

2 D2
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á

2

2 . . .

2 DN
 , Z =

Z1

2 . . . . . .

2

2

2
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á

2

2 . . . . . .

2

2

,
R =


2 A

2 . . .

2
−A  2
Á
Á
Á
Á
Á
Á
Á
Á
Á

2
Á
Á
Á
Á
Á
Á
Á
Á
Á

2
Á
Á
Á
Á
Á
Á
Á
Á
Á

2 A

2 . . .

2 −A R¯N

,
km.{mJ§¨§m2y_{}mÂQkm A = iD + Z + R ÁV¤r~À~k{}m#ªQkm Z mJy{&k~ml
M{}ﬁmJm#§§¨mywxlﬁ{}Qkm
S_y¨{ÃFm5mﬁ{°Qkm R mJy{pk~km-l{}#m-~Q{}ywxl0#{}Qkm_Ánb_ySFkÃ_F~yp§Fybz#l_~_{}mJb§mﬀ§¨mJll0m
ykÃM~Q{
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x    uxkQy_~y¼_m AW = 0 SF W ∈ C2×N Ácq©_~_{}_~ypQkm Wj = 0, ∀ j ∈ J1, NK Á
¤r~2ﬁ_~y{}M{}m5k~yﬃ~mJl0m#ﬃ{}m#lybQkm 
AW = 0 ⇒ W ∗AW = 0 ⇒ W ∗(iD + Z +R)W = 0 ⇒ W ∗(iD +R)W + W ∗ZW = 0.
_¸
iD+R mJy{k~m¼l
{}#m¼F~_{}¨im#}l0¨{m#~~kmFÁx[ﬃyÉ{}mFÇkc¥ k}jJy­§-k}FS_y¨{F~)¿dﬀkmr§D¥ F~k~km#«xm
HzÁ zÇ
iD+R ∈ iR Á@²&¥ z{}mﬃF{dÇdky}Qkm Z mdy|{[k~kml
M{}ﬁmJm#§§¨mS_yÉ{}¨Ã_mFÇ@F~0rQkm ?WZW ∈
R+
Á V~5}JyklFÇ <(W ∗AW ) = W ∗ZW mﬁ{ i=(W ∗AW ) = W ∗(iD+R)W ÁJ²rF~ W ∗AW =
0 ⇒ W ∗ZW = W ∗(iD +R)W = 0 ÁcŁ­_l0lm W ∗ZW = W ∗1 Z1W1
ÇImﬁ{°ﬁ_l0lm
Z1
mJy{rk~km
l
{}#m°kﬁ×~km5S_yÉ{}¨Ã_mFÇk§Fy~kJ#mJy}yF¨}m#lmJ~_{
W1 = 0
Áz[Fb§¨§m#ky 
AW = 0 ⇒ ∀ j ∈ {1, ..., N} , (AW )j = 0
V~g{ﬁk§m#dÇk_k
j = 1
ÇF~ 
(iD1 + Z1)W1 + AW2 = 0
ÁI¤rdÇ
W1 = 0
ÇzF~
AW2 = 0
m#{
W2 = 0
J
A
mdy|{~QÃ_m#y¹k§mFÁV¤r~Àk}zﬁjdzmÂmJ~yÉ{}mF&}J#k}mJ~ﬁm.SF
j ∈ J3, N − 1K Á
uzkkS_yF~yz_~°Qkm
Wj−1 = Wj = 0
Á¤r~§Fy 
AW = 0 ⇒ (AW )j = 0 ⇒ −AWj−1 + iDjWj + AWj+1 = 0 ⇒ AWj+1 = 0 ⇒ Wj+1 = 0.
V~ª#F~#§¨yF~ÆÇx§D¥ ixwxS{ijJym°km5dﬁk}mJ~ﬁm¼mJy{bÃx}F¨m¼mﬁ{pkF~ 
AW = 0 ⇒ ∀j = {1, N} Wj = 0 ⇒ W = 0
m#{ A mJy{ﬃ~xÃFmJ}y¨¹§¨m_Á
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¤r~ﬀymVzF~~kmez_~,mﬁ«kFﬁ{mJl0mJ~Q{%§¨m[lÄJl0m­#FkmVQkme#m#§k__zFk{[SFkÆ§lﬁ{}ikzzmezmeÃFF§klmJy
×~kyJÁnpFyﬃF{}F~yﬃz_~°zm5§D¥ d_M{F~ 
iωθW (x) +
∂F (W )
∂x
= S.
³»QË_µ
op~km
º
_l&k§M{F~ZzmÂ{|wxSm2¯°F§¨mJ±x~Àzy#F~Q{~x ³K¯°²°µ&mJQymy&§D¥ ~Q{}zz·{}¨_~Zc¥ k~Zm#~z®
ym#l&¹k§mÂzm
º
_~·{}¨_~y-zm¹Fym
§xJ§mJy
(ϕjk)1≤k≤dj
SFk0iFQkmﬁm#§§k§¨m
(Cj)1≤j≤N
_¸
dj
}mﬁ®
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dymJ~_{}m
§¨mÂ~kFl&¹km
zmzm#_dyﬀzm.§¨¹Sm#{#Fﬁ{JyF~Q{¼§D¥ Fkk}@«z¨l
M{}¨_~kmJy5ÃM}¹k§mJyﬀÆ¥ #{}M{
~y°§2ﬁm#§§k§¨m
(Cj)
Á%²¼~y5iFQkm
ﬁmJ§¨§k§mFÇc§m.il
W (x)
mdy|{-Fkk}xi&F°k~km.ﬁ_l-¹k~FÉ®
yF~)§¨~kdmzmJy
º
_~·{}¨_~y°zm¹Fym0§¨z#F§¨mdy³»F5mﬁ«zm#lk§m_§¨wx~ _l0§mJy¼zm
zmJF}0F)k§y
m
µ·Ç
ykkS_y#mdyﬃ§¨~kdmJl0mJ~Q{~zJmJ~k~Q{}mJybQkÆmJ~kFmJ~z}m#~Q{ﬃk~2mJyF#m¼~{ Pj = Pm[Cj ] 
Wj(x) ≡ W (x)|Cj =
dj∑
k=1
Wjkϕjk(x),
³»_Qµ
_¸Z§D¥ F~Zlk§¨ﬁ¨{mJlm#~Q{Âﬁ_~yzJ#§¨m©JFy
zm
º
F~·{F~y
zm2¹Fymy}#F§F¨}mJyJÁ,ÌÆmJy
km#F}Jyzm
§¹mJ{}r§z#k«
yF~Q{
Wjk ∈ C2 Ákux_É{ ϕj k~km º F~·{F~Qkm#§ﬁ_~Qkmrzm Pj Ák¤r~l-k§¨{k§¨m³»QËFµ­
ϕj
mﬁ{b_~~Q{j#_m°yk§
#m#§§¨§¨m
Cj

∫
Cj
(iωθW (x) + [F (W (x))]x) ϕjdx =
∫
Cj
Sϕjdx
⇔ iω
∫
Cj
θW (x)ϕjdx−
∫
Cj
F (W (x))(ϕj )xdx +
F (W (xj+ 1
2
))ϕj(xj+ 1
2
)− F (W (xj− 1
2
))ϕj(xj− 1
2
) =
∫
Cj
Sϕjdx.
³¾QFµ
,_yF~y
Fj± 1
2
= F (W (xj± 1
2
))
mﬁ{
ϕ±j = ϕj(xj± 12 )
Á 'ÃFmJ©#mJy
~{}{F~yJÇV§D¥ dQM{}¨_~£³¾QFµ
km#Ãx¨mJ~Q{ 
iω
∫
Cj
θW (x)ϕjdx−
∫
Cj
F (W (x))(ϕj )xdx + Fj+ 1
2
ϕ+j − Fj− 12 ϕ
−
j =
∫
Cj
Sϕjdx.
³»Q_µ
¤r~Qym
φj = (ϕj1, ϕj2, · · · , ϕjdj )
§&¹Fym°§¨z#F§¨m°zm Pj ÁknpFyF§¨§F~y­}m#lk§F#m#ﬃy Cj W
y_~Fkk}@«z¨l
M{}¨_~
Wj ≡ Wj(x) z#×~kÆF5³»__µ·Á¶§ÆyJ¥ F¨{ﬃlF¨~Q{}m#~F~_{bc¥ ~M|mJﬁ{m# Wj ~y
§D¥ JQM{}¨_~³¾_FµﬁÁnbF{}m°k_¹k§j#lm°mJy{p§Fykm°im#ikm#
Wj ∈ Pj {mJ§%Qkm ∀ϕj ∈ Pj 
iω
∫
Cj
θWjϕjdx−
∫
Cj
F (W (x))j(ϕj)xdx + Fj+ 1
2
ϕ+j − Fj− 1
2
ϕ−j =
∫
Cj
Sjϕjdx.
³»ﬃHµ
Ł­_l0lm5SFk§0lﬁ{ixkm Çk§mﬀ#§ﬁ§ÆzmJy Qk«
Fj± 1
2
}m#S_ym5yk~2y}ikJl0ﬁmJ~Q{} 
Fj+ 1
2
= A
(
W+j + W
−
j+1
2
)
,
@ÃFmJ
W±j = Wj(xj± 12 ),
³¾S_µ
õ»íöÆõ÷ã
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∀ϕi ∈ Pj : iω
∫
Cj
θWjϕjdx −
∫
Cj
AWj(ϕj)xdx
+
1
2
(
AW+j + AW
−
j+1
)
ϕ+j
− 1
2
(
AW+j−1 + AW
−
j
)
ϕ−j =
∫
Cj
Sjϕjdx,
³¾__µ
F¥ mdy|{® ¦® k¨}m 
∀ϕj ∈ Pj : iω
∫
Cj
θWjϕjdx −
∫
Cj
AWj(ϕj)xdx
+
1
2
AW−j+1ϕ
+
j +
1
2
[AWjϕj ]
j+ 1
2
j− 1
2
− 1
2
AW+j−1ϕ
−
j =
∫
Cj
Sjϕjdx.
³D_µ
V~©k{§¨yF~Q{ﬃ§
º
F}l-k§m5c¥ ¨~Q{JFM{}¨_~Fﬃ{mJy 
[AWjϕj ]
j+ 1
2
j− 1
2
=
∫
Cj
AWj(ϕj)xdx +
∫
Cj
A(Wj)xϕjdx,
_~_¹z{m#~Q{dÇ ∀ϕj ∈ Pj 
iωθj
∫
Cj
Wjϕjdx +
1
2
∫
Cj
(A(Wj)xϕj −AWj(ϕj)x) dx
+
1
2
AW−j+1ϕ
+
j −
1
2
AW+j−1ϕ
−
j =
∫
Cj
Sjϕjdx.
³Dz¿dµ
_¸
F~Â-zmpk§yykQyr_mp§mJy#Fﬁ{Jy|{}Qkmdy,#§mJﬁ{}Fl
_~kﬁ{}Qkmdy
εj
mﬁ{
µj
yF~Q{­#F~y{}F~Q{mJy
yk
Cj
Á
I
"
=
"
=


:¾Ó x¡ 
9
Ó ﬁ xÕFÑ
9
ﬁ :»Ó;:¾Ñ
9
 
k  M½Ö(:¾¡ :¾Ó x
h'Fz{[ﬁ_ll0mk~y'§m­JFyzm§pl0#{ikzzmzm­ÃF_§¨klmdyÆ×~yJÇ@~kFy'z{}¨§yF~y'§mJy'ﬁ{M{yFz«z¨§mdy
ykÃM~Q{}y 
W0(x 1
2
) =
(
0 z1
z−11 0
)
W1(x 1
2
) + ξ
(
1 −z1
−z−11 1
)
W

(x 1
2
),
³DFFµ
WN+1(xN+ 1
2
) =
( −1 0
0 1
)
WN (xN+ 1
2
) + 2(ξ − 1)
(
1 0
0 0
)
W

(xN+ 1
2
),
³DË_µ
QkÆyF~Q{ﬃ{mJ§¨§mJyp_m¼§mJypﬁF~zÉ{}¨_~yﬃ§¨l¨{mJypy_~_{¹km#~2Ã_#}É×JmJyﬃzm5l
~¨jJm
º
¹k§mFÁ
ö'ö ç0Z[\]$^
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W

%* 	+ﬃ* ' $%&ﬁ*  $  $&ﬁ1 
'* %')	%* 
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     
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C1

CN


'*'  ﬁﬀﬃﬂ ﬀﬃ*/ %0ﬂ1 ﬀﬃ &0')0*  ﬂ'  &ﬁﬂ
ﬂ&+0ﬂ  !&  $ ﬀﬃ 
C1
 ﬁ* */0 %ﬂ&
(W

)−
   $&ﬁ1 
W
ﬀ
 ﬂ' 2&0ﬀﬁ'* 1
2
 %
(W

)+
 
 $&ﬁ1 
W
ﬀ
/ﬂ'  &0ﬀ 0'* 
N +
1
2
ﬁﬀﬃﬂﬀﬃ*  %0ﬂ1 ﬀﬃ &0')0*  ﬂ'   $% %ﬁ'     'P&0ﬂ"ﬂ &ﬁﬂ   &
 $ ﬀﬃ 
CN

&Ñ
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Ó
x = a
" V~2z{§y}~Q{-³DË_µm#{bm#~©k}zﬁdk~Q{bﬁ_l0lm°SFk
§0lﬁ{ixkmﬀzm5ÃF_§¨klmdye×~ky 
AW+0 = A
((
0 z1
z−11 0
)
W−1 + ξ
(
1 −z1
−z−11 1
)
(W

)−
)
=
(−z−11 0
0 −z1
)
W−1 + ξ
(
z−11 −1
−1 z1
)
(W

)−
= −c1θ1W−1 + 2ξM+1 θ1(W  )−
= −c1Q−1 + 2ξM+1 (Q  )−.
³DMQµ
V~©}#dﬁ}¨ÃMF~_{ﬃ§
º
_l&k§m³Dz¿JµSF
j = 1
m#{bm#~©ym5ym#}ÃM~Q{bzm
³KQµ·ÇF~{}FkÃ_m 
iωθ1
∫
C1
W1ϕ1dx +
1
2
∫
C1
(A(W1)xϕ1 −AW1(ϕ1)x) dx
+
1
2
AW−2 ϕ
+
1 −
1
2
AW+0 ϕ
−
1 =
∫
C1
S1ϕ1dx
⇔ iωθ1
∫
C1
W1ϕ1dx +
1
2
∫
C1
(A(W1)xϕ1 −AW1(ϕ1)x) dx
+
1
2
AW−2 ϕ
+
1 −
1
2
(−c1Q−1 + 2ξM+1 (Q  )−)ϕ−1 =
∫
C1
S1ϕ1dx.
¤r~2F¹k{m#~Q{bzF~ 
∀ϕ1 ∈ P1, ßωθ1
∫
C1
W1ϕ1dx +
1
2
∫
C1
(A(W1)xϕ1 −AW1(ϕ1)x) dx
+
1
2
c1Q
−
1 ϕ
−
1 +
1
2
AW−2 ϕ
+
1
=
∫
C1
S1ϕ1dx + ξM
+
1 (Q  )
−ϕ−1 .
³DFFµ
&Ñ
9
ﬁ :»Ó;:¾Ñ
9
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L
   
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9
Ó
x = b
" V~©z{}¨§yF~_{ﬀ³DFµm#{bm#~2~kF{}~Q{
ρN = (ξ − 1)
(
0 0
1 0
)
R¯N = RNθN =
(
0 −1
1 0
)
m#{
RN =
(
0 −µ−1N
ε−1N 0
)
õ»íöÆõ÷ã
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F§¨_}y 
AW−N+1 = A
((−1 0
0 1
)
W+N + 2(ξ − 1)
(
1 0
0 0
)
(W

)+
)
=
(
0 −1
1 0
)
W+N + 2(ξ − 1)
(
0 0
−1 0
)
(W

)+
= R¯NW
+
N − 2ρN(W  )+.
³D_µ
V~
}#dﬁ}¨ÃMF~_{[ﬁm#{{}m
º
Fy|®¶ﬁx§
º
F}l-k§m5³Kz¿dµ_k
j = N
m#{Vm#~ymbym#}ÃM~Q{,kmﬀ³KFFµ·Ç_~-{}_kÃFm 
iωθN
∫
CN
WNϕNdx +
1
2
∫
CN
(A(WN )xϕN −AWN (ϕN )x) dx
− 1
2
AW+N−1ϕ
−
N +
1
2
AW−N+1ϕ
+
N =
∫
CN
SNϕNdx
⇔ iωθN
∫
CN
WNϕNdx +
1
2
∫
CN
(A(WN )xϕN −AWN (ϕN )x) dx
− 1
2
AW+N−1ϕ
−
N +
1
2
(R¯NW
+
N − 2ρN(W  )+)ϕ+N =
∫
CN
SNϕNdx.
¤r~2F¹k{m#~Q{bzF~°SFﬃ{Fk{
ϕN ∈ PN 
iωθN
∫
CN
WNϕNdx +
1
2
∫
CN
(A(WN )xϕN −AWN (ϕN )x) dx
+
1
2
R¯NW
+
N ϕ
+
N −
1
2
AW+N−1ϕ
−
N =
∫
CN
SNϕNdx + ρN (W  )
+ϕ+N .
³DHµ
I
"
=
"
I >
Ñ @¡ Ö 
zÓ;:¾Ñ
9
¡ 
zÓ	0:¾Õ: xÖ¾Ö 
,_yF~y
Wj = (Wj1, Wj2, · · · , Wjdj )
k~km
l
M{}ﬁm
#Flk§mﬁ«zm
zm{}F¨§§¨m
2 × dj Á%Ì'}m#§M{}¨_~
³¾F_µ-y#¥ J#¨{
Wj = Wjφ
t
j
_¸
φj = (ϕj1, ϕj2, . . . , ϕjdj )
t Á V~;~M|md·{}F~Q{0ﬁm#{{}mÂmﬁ«zk}mJy}y¨_~È~y
³Dz¿JµﬃQk'&#{5k}JF§F¹k§m#lm#~Q{ﬃl-k§¨{k§¨Jm5pkÇzF~F¹z{}¨mJ~_{ 
∀ϕj ∈ Pj : 2iω
∫
Ci
θjWjφ
t
jϕjdx +
∫
Cj
(
AWj(φj)
t
xϕj −AWjφtj(ϕj)x
)
dx
+ AWj+1(φ
−
j+1)
tϕ+j −AWj−1(φ+j−1)tϕ−j = 2
∫
Cj
Sjφ
t
jϕjdx,
³DﬁS_µ
¶~Q{}zzky_~yﬃl
~Q{m#~~Q{§¨mdyﬃ~k{M{F~yykÃM~Q{mdy 
ö'ö ç0Z[\]$^
Ë_  P 0 $&ﬁ* 0	
 &0*  ﬂ'.&0*/	
 ' ﬂ* 

Φj =
∫
Cj
φtjφjdx,
Φ′j =
∫
Cj
(
φtj(φj)x − (φj)txφj
)
dx,
Φ±j = (φ
±
j )
tφ±j = φ
t
j(xj± 1
2
)φtj(xj± 1
2
),
Φj±1,j = (φ
∓
j±1)
tφ±j = φ
t
j±1(xj± 1
2
)φj(xj± 1
2
).
³D_µ
¤r~2Sm#z{bÃ_#}É×mJ_m5§¨mdyﬃmJ§{F~yﬃﬁ¨®¶zmJy}y_yﬃy#¥ k§¨Qkm#~Q{ 

Φtj = Φj ,
(Φ′j)
t = −Φ′j ,
(Φ±j )
t = Φ±j ,
(Φj,j±1)
t = Φj±1,j .
³KF_µ
Ł­§mJlm#~Q{p§
l
M{}ﬁm-zm&l
Fy}ymﬀ§z#F§¨m
Φj
mdy|{°ywxlﬁ{}Qkmﬀzﬁ×~k¨m&Qy¨{ÃFm_Ç
Φ±j
mdy|{°ywxlﬁ®
{}QkmFÇVF§¨_}yQkm
Φ′j
mJy{Â~Q{ywxlﬁ{}QkmFÁ[qªF¨~Q{}m#~F~_{dÇVm#~½k}m#~F~Q{SF
ϕj
y##mJy}yÃFmJl0mJ~Q{
{}Fz{}mJye§¨mdy
º
F~·{F~yezmr¹Fym
ϕjk
SFk
1 ≤ k ≤ dj Ç__~
mJz{­}m º _l&k§m#V§mJyeJQM{}¨_~yb³DFFµﬁÇ³Dz¿dµ
m#{-³KOHMµﬃﬁ_l0lm5ykÉ{ 
2iωθ1W1Φ1 + AW1(Φ
′
1)
t + AW2Φ2,1 + Z1W1Φ
−
1 = 2
(
S1Φ1 + ξM
+
1 θ1W  Φ
−
1
)
,
³¾¿dµ
2 ≤ j ≤ N − 1, 2iωθjWjΦj + AWj(Φ′j)t + AWj+1Φj+1,j −AWj−1Φj−1,j = 2SjΦj ,
³¾QFµ
2iωθNWNΦN + AWN (Φ
′
N )
t −AWN−1ΦN−1,N + R¯NWNΦ+N = 2
(
SNΦN + ρNW  Φ
+
N
)
,
³¾_Ë_µ
_¸
Z1 = c1θ1 =
(
z−11 0
0 z1
)
Á
,FF¹_z{¦&k~Âywzy|{}j#lm¼§¨~kJF¨}mp¦&{­kmJyJQ{F~yr³¾k¿@µ·Çc³¾Qµ·Çxm#{°³KFËFµe~kFyeÃ_MwFF~y
QÆ¥ §
º
z{bﬁ_~xÃFm#{~k{}m¼¨~ﬁF~~Qmrl
M{}ﬁm#§§m
W ∈ M2,dj (C)
_kﬃ{_z{
j
kF~y
J1; NK
m#~k~
Ã_mJﬁ{m#rzm
Cdj×2
Fgzm
C2×dj
ÁSnpFyrz{§ym#}F~yp_k°ﬁm
º
F¨}mFÇk~gzﬁdz-zm&ÃFmd·{_y}M{F~%Ç
~{ ℵ ÇQkc{~y º _lm°§0l
M{}ﬁm Wj = (Wj1, Wj2, . . . , Wjdj )
m#~2k~©ÃFmd·{}m#kb#F§F~k~km
W j =
(Wj1, Wj2, . . . , Wjdj )
t ∈ C2×dj ÁFÌe¥ Fkk§JM{F~ ℵ J_~¦¼§°k}FS_y¨{F~¿#5zm§D¥ F~k~kmﬁ«zm HxÁ HxÁ¿Á
e§¨§m
º
FÉ{¨~Q{mJÃ_m#~kVk~ÂkzzÉ{­km °}F~kmd±Fm# ⊗ Ç_§¨É® lÄ#lmpm#«x§¨ﬁ¨{pkF~ye#mﬁ{{mp_Qy¨{F~ÆÇ_mﬁ{
Ã_#}É×m&§Fy ℵ(Wj) = W j ÁÆ²&¥ z{}m0{JÇIy}FiF~_{°Qkm&§D¥ F~)#F~yzj#}m-k~m º _l&k§{F~ª_¸ m
mdy|{ﬃ×k«z5SFkﬃ{}Fz{}mJyﬃ§mJyb#m#§§¨§¨mdy#Çz~k_yﬃSFkÃ_F~yﬃdﬁ}¨}m¼Qkm
dj = d
Ç ∀ j ∈ J1; NK Á
V~)kk§_~Q{pl
~Q{m#~~Q{ ℵ ¦
§D¥ d_M{F~;³K_µﬁÇ~FypF¹z{}m#~k_~yFb§¨~kd}É{}-QkmÂ³¾Qµmdy|{
yJﬁmJy}y¨Ã_m#lm#~Q{ﬃJQkÃ@F§¨mJ~Q{m5¦ 
õ»íöÆõ÷ã
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2iωℵ(θjWjΦj) + ℵ(AWj(Φ′j)t) + ℵ(AWj+1Φ+j+1,j)− ℵ(AWj−1Φ−j−1,j) = 2ℵ(SjΦj) ⇔(
2iω Φj ⊗ θj + Φ′j ⊗A
)
W j + (Φ
+
j,j+1 ⊗A)W j+1 − (Φ−j,j−1 ⊗A)W j−1=2(Φj ⊗

2)Sj .
³KQµ
V~gkz#JkF~_{bzm-l0ÄJlmﬀ_kp§mJybJQM{}¨_~yﬀ³Kk¿Jµ5³KFËFµﬁÇ_~{}FkÃ_mﬀ_m.³¾k¿@µﬃmJy{bJQkÃM§m#~Q{m
¦ 
(
2iω Φ1 ⊗ θ1 + Φ′j ⊗A + Φ−1 ⊗ Z1
)
W 1 + (Φ1,2 ⊗A)W 2 = 2(Φ1 ⊗  2)Sj
+ 2ξ(Φ−1 ⊗M+1 )θ1W  ,
³K_Fµ
m#{-³¾_ËFµmJy{JQkÃ@F§¨mJ~Q{mﬀ¦ 
(2iω(ΦN ⊗ θN ) + (Φ′N ⊗A) + (Φ+N ⊗ R¯N )
)
W N
− (ΦN,N−1 ⊗A)W N−1 = 2(ΦN ⊗  2)SN + 2(Φ+N ⊗ ρN )W 
³KF_µ
k}m#lj#}mÃQmFÇc§V~Æ¥ mJy{°Fy°#Ãxzm#~Q{ﬀQkmª³¾F_µ·Ç­³¾_Fµ¼mﬁ{Â³¾_Fµ¼Sm#}l0m#{{}m#~Q{-c¥ ¹SFz{}¨ﬀ¦k~km
l
{}#m2QkrﬁF~ymJÃ_m§Èy|{}ﬁ{k}mªzm©§l{}#m2y}ymªz yikJl
)Ã_F§klmJy0×~yJÁŁ­m#§Èz¨{JÇ
_ _ﬁmﬃ¦5ﬁmJ{~kmJy,k}Fﬁ{}Jy[ﬁ_~
º
#}#mdy,[§mk}zzk¨{­zm °}F~kmd±Fm#dÇd~kFyVÃFm#}}F~y,Qkm§mJyVzmJz«
l
{}#mJybS_y}yjJzmJ~_{¼m#~)mImﬁ{°§Âl0ÄJlm0y{}·{}k}mFÁÆŁ­mJyrk_k}¨#{Jyry_~Q{r#~F~##mJyrk~yp§D¥ F~k~km#«xm
HzÁ HzÁ QÁnbFyzﬁ×~y}y_~y~yc§¨mdyl
M{}ﬁmdyykÃM~Q{mdy 
D =

2ω Φ1 ⊗ θ1  2d . . .  2d

2d 2ω Φ2 ⊗ θ2
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á

2d

2d . . .

2d 2ω ΦN ⊗ θN
 , Z =

Φ−1 ⊗ Z1

2d . . .

2d

2d

2d
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á
Á

2d

2d . . .

2d

2d
 ,
R =

Φ′1 ⊗A Φ1,2 ⊗A

2d . . .

2d
−Φ2,1 ⊗A Φ′2 ⊗A Φ2,3 ⊗A
Á
Á
Á
Á
Á
Á

2d
Á
Á
Á
Á
Á
Á
Á
Á
Á

2d
Á
Á
Á
Á
Á
Á −ΦN−1,N−2 ⊗A Φ′N−1 ⊗A ΦN−1,N ⊗A

2d . . .

2d −ΦN,N−1 ⊗A Φ′N ⊗A + Φ+N ⊗ R¯N

.
Ì'pl
M{}ﬁm A }Jyk§¨{}F~_{,zyikJl
-³¾F_µ ®·³¾Qµ ®·³¾_Fµ'mJz{[m#~#F}m­yJ¥ dﬁ}¨}mVmJ~ﬁ_my_y§ º F}l0m
A = iD + Z +R Ç#Fllmﬀk~yﬃ§mﬀ#_yﬃzm5§0lﬁ{}ikzzmﬀzm5Ã_F§klmJy­×~ky#Á
²¼~yﬁm)_¼yk¨{JÇF~Ïm#«x§¨ﬁ¨{mﬁmJyÂl
M{}ﬁmJyk~y.§m)#_y.F{}#k§¨mJÂF¸ §D¥ F~Ïk}m#~ zmJy
º
_~·{}¨_~yzm5¹_ym
P1
ky_~k#lF~Q{}m°§K¥ ~QÃ_m#y¹k§¨¨{5z©ywzy|{}j#lm°§¨~kJF¨}m°dy§É{~Q{JÁ
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P1
¤r~Êymk§F#m)l
~Q{mJ~~Q{©k~y§mÎ#Fy2#F~#m#{zmdy
º
F~ﬁ{F~y2MÍ
~kmdy2lFﬁmdz«cÇKÁ mFÁ
Pi = P1[Cj ] Ác²¼~y¼ﬁm#_y φj = (ϕj1, ϕj2) ÁI,Fr§m0J§ﬁk§~xkl#}Qkm0zmJy¼zSJmJ~Q{}yp{m#}lmJy
kmª³KQµ·Ç'F~Îym
§_ﬁm.kF~y5§mÂﬁ_~_{}mﬁ«x{m
i¹k¨{kmJ§­zmdy5#§#lmJ~_{y5×~yJÇ%¥ mJy{®¶¦M®¶zm
Qkm.§D¥ F~È}FÉ®
yF~~km&yk°k~km
ﬁmJ§¨§k§m0km&}
º
JmJ~ﬁm
Ĉ
Qk[mJy{°#§D¥ ¨~Q{mJÃMF§¨§m  kÇ¿
 Á%¤r~gk}m#~gyk¼#mﬁ{5#§#lmJ~_{
§mJy
º
_~·{}¨_~yﬀzm
¹Fym
ϕˆ1(ξ) = 1 − ξ mﬁ{ ϕˆ2(ξ) = ξ Á%Ì%mJy º _~·{}¨_~y5zm
¹_ym.yk Cj y_~Q{-§Fy
ϕj1(x) = ϕˆ1
[
(x − xj− 1
2
)/∆xj
]
m#{
ϕj2(x) = ϕˆ2
[
(x− xj− 1
2
)/∆xj
]
ÁI¤r~Çk_k
1 ≤ j ≤ N 

Φj =
∫
Cj
φtjφjdx = ∆xj
∫
bC
φˆtφˆdxˆ =
∆xj
6
(
2 1
1 2
)
,
Φ′j =
∫
Cj
(
φtj(φj)x − (φj)txφj
)
dx = ∆xj
∫
bC
1
∆xj
(
φˆt(φˆ)x − (φˆ)txφˆ
)
dxˆ =
(
0 1
−1 0
)
,
Φ+j = (φ
+
j )
tφ+j = φ
t
j(xj+ 1
2
)φj(xj+ 1
2
) = φˆt(1)φˆ(1) =
(
0 0
0 1
)
,
Φ−j = (φ
−
j )
tφ−j = φ
t
j(xj− 1
2
)φj(xj− 1
2
) = φˆt(0)φˆ(0) =
(
1 0
0 0
)
.
²&¥ Fz{}m5F{dÇzF~{}FkÃ_m°Fy}ycQkm 
∀j, 1 ≤ j ≤ N − 1, Φj,j+1 = (φ+j )tφ−j+1 =φtj(xj+ 12 )φj+1(xj+ 12 ) = φˆt(1)φˆ(0) =
(
0 0
1 0
)
,
∀j, 2 ≤ j ≤ N, Φj,j−1 = (φ−j )tφ+j−1 =φtj(xj− 1
2
)φj−1(xj− 1
2
) = φˆt(0)φˆ(1) =
(
0 1
0 0
)
.
V~k×~ÆÇzyF~
l&k§É{}¨§¨m&³K_µVË5_keJÃxÉ{}m#e§mJyV{mJlmJy
º
}_·{}¨_~k~}mJyJÇmﬁ{­ySF~
º
F}l-§¨mb~
ywzy|{}j#lm-§~k#m AW = b @Ã_mJ (A, b) ∈ M4×N(C) × C4×N Çc§Fy§Âl
{}#m A mdy|{5zﬁ×~k¨m
¹k§z#yﬃF
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• A1,1 =

2iω∆x1ε1 + 3z
−1
1 0 iω∆x1ε1 −3
0 2iω∆x1µ1 + 3z1 −3 iω∆x1µ1
iω∆x1ε1 3 2iω∆x1ε1 0
3 iω∆x1µ1 0 2iω∆x1µ1
 ,
• A1,2 =
  2  20 −3
−3 0

2
 ,
• Aj,j−1 =
  2 0 33 0

2

2
 , ∀ j ∈ J2; N − 1K,
• Ajj =

2iω∆xjεj 0 iω∆xjεj −3
0 2iω∆xjµj −3 iω∆xjµj
iω∆xjεj 3 2iω∆xjεj 0
3 iω∆xjµj 0 2iω∆xjµj
 , ∀ j ∈ J2; N − 1K,
• Aj,j+1 =
  2  20 −3
−3 0

2
 , ∀ j ∈ J2; N − 1K,
• AN,N−1 =
  2 0 33 0

2

2
 ,
• AN,N =

2iω∆xNεN 0 iω∆xNεN −3
0 2iω∆xNµN −3 iω∆xNµN
iω∆xNεN 3 2iω∆xNεN −3
3 iω∆xNµN 3 2iω∆xNµN
 .
Ł­mdyl
M{}ﬁmJy_~_{b§mJyﬃlÄJl0mdy#F}_·{Jy{_mJyﬃQkm5ﬁm#§§mJyz©y}ik#l
  Ç¦y}@ÃFF 
9 D mJy{pzFF_~§mr¹k§z#yﬃmﬁ{pywxlﬁ{}_m°kﬁ×~km°Qy¨{ÃFm_Ç
9 Z mJy{bzFF_~§mrS_y¨{ÃFmFÇ
9 R mdy|{pF~Q{ywxlﬁ{}QkmFÁ
¶§,mJy{°l0_~Q{}&kF~yp§._Qy¨{F~;¿@.zm0§D¥ F~k~kmﬁ«zm2HxÁ HxÁ ÂQÆ¥ ~km&l
{}#m-}Jyk§É{~Q{¼km&§D¥ _y|®
ym#l&¹k§Fmzm
º
F~ﬁ{F~y
Pm
S_y}yjdzm§ﬀl0ÄJlmby|{}ﬁ{k}mFÁ_,FkeFz{}F~Q{JÇ§D¥ ~xÃFmJ}y¨¹¨§É{}~kmpym#°Fy
º
_}##lm#~Q{ﬃFy}yk}#m_ÁQnpJF~klF~y#Çx~k_yﬃ§§¨_~y­ÃFFﬃk~yﬃ#m¼QkcykÉ{Qkm°_k~k{}m
º
F}l-k§M{}¨_~
Æ¥ _}z}m0¿FÇz§D¥ ~xÃFm#y¨¹k§É{}°km5§0l
M{}ﬁm°mJy{bÃFJ¨×JmFÁ
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Ód  ﬁ  ﬁ A@ MÑ  Ö(BQ¡  ﬁ :¾dÕ QÓ
npFyV#F~y{}{_~ylF§¨im#k}m#ym#lmJ~_{VQkm ∀j ∈ J1; N−1K §¼l
M{}ﬁm Aj(j+1)
~%¥ mdy|{[_y,¨~xÃFmJ®
y¹k§¨m_Áp¨~yDÇF§~Æ¥ mJy{e_y[Qyy¹k§¨mbkmbmJk}xkk¨}mmﬁ«k_·{mJlm#~Q{V§5k#lF~y{M{}¨_~
zmb§D¥ ~xÃFm#y¨¹k§É{}
km§ªl
M{}ﬁmFy}yz#¨Jm¦ª§ªl#{ikzzm©zmÃFF§klmJy-×~kyJÁ e~Z}m#ÃM~ikmFÇ'~kFyF§¨§F~y
º
}mÂk~km
k#lF~y{M{}¨_~yl0§m.z_~Q{-§K¥ z#m.ym#©zm
Sm#}#{kmJ-k~kmÂmJ§{F~Îzm
}Jﬁ}m#~#m~kF~Îk§y
ﬁm#§§k§¨ml
y-F0km#F}Âzm§¨¹Sm#{_Á,npFy0ﬁ_~yzJ_~y-Qkm
W = (W t1 , W
t
2 , . . . , W
t
N )
t _¸
SF
j ∈ J1; NK W tj = (W 1j , W 2j )t
@ÃFmd
W 1,2j ∈ C2
Á
  x¡;¡ 
T
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P1
  '*

%ﬂ$'   
 x   Åq©_~Q{}F~yF}J#k}mJ~ﬁmyk
j
SF
j ∈ J1, N−1K Qkmﬃy AW = 0 SFk W ∈ C4×N
F§¨_}y
Wj = Wj+1 = 0
Á
¿FÁﬃ,Fk§m5k}m#l¨mJ}F~kzm5§0}J#k}m#~ﬁmFÇx~k_y@ÃF_~y 
AW = 0 ⇒ W ∗AW = 0 ⇒ W ∗(iD+Z+R)W = 0 ⇒ W ∗(iD+R)W +W ∗ZW = 0.
Ì%Îl
{}#m Z mJy{im#}l0¨{m#~~kmgz_~ W ∗ZW ∈ R Á²&¥ Fz{}mªF{dÇe}m#k}m#~~Q{.§¨mdyÂF®
FklmJ~_{ybzmﬀ§
zJl0_~y{M{F~}J§yJm¼SF§lﬁ{}ikzzm-zm5Ã_F§klmJyﬃ×~kyJÇ
(iD +R) mJy{
~Q{ikmJl¨{m#~k~km5m#{pzF~
W ∗(iD +R)W ∈ iR ÁSŁ­mdﬁÆmJ~Q{ ÷~km5zF~5Qkm <(W ∗AW ) =
W ∗ZW mﬁ{ =(W ∗AW ) = W ∗(iD +R)W Á
V~ﬁ_~ydQkm#~#mFÇ
WAW = 0 ⇒ W ∗ZW = W ∗(iD + R)W = 0 Ápuxﬀ_~´yJ¥ ~Q{#®
mdyym¼k§¨y{ﬁ§¨j#}m#lm#~Q{¦
W ∗ZW Çz~k_yﬃF¹k{m#~F~yﬃmJ~zJÃFmJ§¨_k~Q{Qkm W ∗ZW =
W ∗1Z11W1 = W ∗1 (Φ−1 ⊗ Z1)W1 = 0
Ák²rm5§¦0_~Â{}¨}m
W 11 = 0
Á
qª~Q{mJ~~Q{JÇz~Fy@Ã_F~yﬃyy 
AW = 0 ⇒ ∀ j ∈ J1; NK , (AW )j = 0 ³»m#{bm#~2F{}#k§¨m#ﬃSFk j = 1 µ
⇒ A11W1 +A12W2 = 0
⇒ A11(0, (W 21 )t)t +A12W2 = 0
⇒

(
iω∆x1ε1 −3
−3 iω∆x1µ1
)
W 21 = 0(
iω∆x1ε1 0
0 iω∆x1µ1
)
W 21 +
(
0 −3
−3 0
)
W 12 = 0.
nbF{F~y
C =
(
iω∆x1ε1 −3
−3 iω∆x1µ1
)
Ákeky}Qkm
det C = −(ω
2∆x21
c21
+ 9) < 0
Çz§Fy
C
mJy{
¨~xÃ_m#y¹k§m-y'¹km#~gQkm
W 21 = 0
ÁIŁ­Fl&¹k~~Q{p§m
º
FÉ{°_m
W 21 = 0
mﬁ{¼§K¥ k{}mﬀ#Q§É{}FÇF§¨_}y
¨§%mJy{b#Ãxkm#~Q{b_m
W 12 = 0
Á
nb_yb@ÃF_~yzF~°l_~_{}°Qkm AW = 0 ⇒ W1 = 0 m#{ W 12 = 0
Á
õ»íöÆõ÷ã
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ﬁﬀﬃﬂ !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% ¿
zÁbuxkkS_yF~yVl
~Q{m#~~Q{Qkmb§ﬀ}m#§M{}¨_~mJy{­ÃFJ¨×Jmp
~k
j
Çx¥ mJy{®¶¦M®¶zmbQkm
Wj−1 = 0
_k
j ∈ J2, N−1K mﬁ{eQkm W 1j = 0
ÁnpFyezm#Ã_F~ylF~Q{}m#[Qkm
Wj = 0
mﬁ{eQkm
W 1j+1 = 0
Á
qªy5Ãx;Qkm
W 1j = 0
Ç%§Fy°§
º
k{b|y{m.k}FÃFm#5Qkm
W 2j = 0
mﬁ{
W 1j+1 = 0
y}FiF~_{
Qkm 
AW = 0 ⇒ ∀ j ∈ J1, NK , (AW )j = 0 ³»mﬁ{bmJ~2{ﬁk§m#SFk j ∈ J2, N − 1K µ
⇒ Aj(j−1)Wj−1 +AjjWj +Aj(j+1)Wj+1 = 0
⇒ Ajj(0, (W 2j )t)t +Aj(j+1)Wj+1 = 0
⇒

(
2iω∆xjεj −3
−3 2iω∆xjµj
)
W 2j = 0(
iω∆xjεj 0
0 iω∆xjµj
)
W 2j +
(
0 −3
−3 0
)
W 1j+1 = 0.
%Ã_mJ&ﬁm&ywzy|{}j#lm&Æ¥ J_§¨{JyJÇ_~ª}m#k}m#~g¦.§
§¨m#{{}m0§¨m0ikm#l~km#lmJ~_{°zÀ¿_ÁSFp{}_kÃFmJ
×~F§ÆQkm
Wj = 0
m#{p_m
W 1j+1 = 0
Á
ËkÁ ¶§%~km5}mJy{m°k§yr_%¥ ¦0lF~Q{}m#bQkm
W 2N = 0
y}FiF~_{bQkm5SFk
j ∈ J1, N − 1K Wj = 0 mﬁ{
Qkm
W 1N = 0
Á V~2zJÃFm#§F~Q{ﬃ§zmJ~kj#}mp§F~km5z2ywzy{jJl0m°m#{ﬃmJ~Â{}m#~F~Q{#Flz{}m¼zm5#mJy
MÍ
}l{F~yJÇzF~{}FÃFm 
AW = 0 ⇒

(
iω∆xNεN −3
−3 iω∆xNµN
)
W 2N = 0,(
2iω∆xNεN −3
3 2iω∆xNµN
)
W 2N = 0.
³KOHµ
¤r~©¹SFz{}É{bﬁ_ll0m5dﬁJkm#llm#~Q{b¦
W 2N = 0
Á
 

3(5' ﬁﬀ!*	 589:ﬁ

 
,FbzmJybyFﬁyc¥ lk§#lm#~Q{}{F~ÆÇ~kFyyFi¨{_~y­{¨{m#bkm
º
_~_{§0dy_§¨z{}¨_~k2ywzy|®
{}j#lm.mJ~;ilÎzSFﬁ{.m#{-m#~ÎiFl0È{}{§VmJ~Î¨~Q{}zzkyF~Q{ﬀ§¨m.ljﬁ{}m
ξ
QkeSm#}lmﬁ{&zm
ky{~kFm#%~-#F§#k§FmJ~ﬀilﬀzSFﬁ{p³
ξ = 0
µÆc¥ ~-#F§#k§FmJ~-il°{}{}F§³
ξ = 1
µ·ÁdbmJ§¨_~y
Qkm 

W = W 
  + ξW  ,
W ≡ W 
  y ξ = 0,
W ≡ W  y ξ = 1.
ux%F~~k{}m 
ö'ö ç0Z[\]$^
x  P 0 $&ﬁ* 0	
 &0*  ﬂ'.&0*/	
 ' ﬂ* 
{
ε(x) = ε0εr(x),
µ(x) = µ0µr(x),
_¸
ε0
m#{
µ0)
zdyF~kmJ~Q{-mdySmJﬁ{ÃFmJl0mJ~Q{&§©mJl¨{{}¨Ãx¨{mﬁ{§©Sm#}lJF¹k¨§¨{kÀÃxkm§Fy5_~
Sm#k{pFzlm#~y¨_~k~kmJ§¨m5ywxy{jJlm³DFµ_ _ﬁm°2i~k_m#lm#~Q{bzm°ÃM}F¹k§mJyyk¨ÃMF~_{

E˜ =
E
z0H0
,
H˜ =
H
H0
,
ω˜ =
ω
c0
,
_¸
z0
mJy{&§D¥ ldk~ﬁmÂzÀÃQzmg³Kc¥ k~kmlF~kj#}m
F#~#§m
F~Î~kF{m#2F
z
§D¥ ¨lSJkF~ﬁmÂÆ¥ k~
l§¨m#©QkmJ§#F~Qkm
z =
√
µ
ε
µﬁÁ¶§
º
z{pFy}yclzz¨×m#§mJyb#F~kÉ{}¨_~yz«¹_}ky 
9Ïy§ $ﬂ ﬁ*'%ﬂ12% &0 ')#%ﬀ
Γm
ÇF~2 
n×E

= 0 ⇔ n× (E + (1− ξ)E

) = 0
⇔ n×E = (ξ − 1)n×E

⇔ n× (z0H0E˜) = (ξ − 1)n× (z0H0E˜  ).
9Ïy§ $ﬂ ﬁ*'%ﬂ& 0ﬂ$&ﬁ* 
Γa
Çk_~ 
n×E


+ zn× (n×H


) = 0
⇔ n× (E − ξE

) + zn× (n× (H − ξH

)) = 0
⇔ n×E + zn× (n×H) = ξ(n×E

+ zn× (n×H

))
⇔ n× E˜ + zrn× (n× H˜) = ξ(n× E˜  + zrn× (n× H˜  )).
,F&§§#FmJﬀ§mJyﬀ~{}{F~yJÇÆ_~;¹F~zF~~km
§¨mdy-ywxl-¹SF§mJy
˜
mﬁ{-_~
º
¨{&§mJy-yk¹y{¨{k{F~y
εr → ε Ç µr → µ Ç cr → c m#{ zr → z Çk#mﬀ_ÆzF~k~m°×~§m#lmJ~_{bFkjdyylk§É×JM{}¨_~ n×E = (ξ − 1)n×E 
yk
Γm,
n×E + zn× (n×H) = ξ(n×E

+ zn× (n×H

))
yk
Γa.
³K+S_µ
[bF¨§§m#ky#ÇkycSFk
l ∈ (x, y, z) _~~{m Fl(W ) = GlW @ÃFmd 
Gl =
(

3 Nl
−Nl  3
)
,
õ»íöÆõ÷ã
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 QË
F§¨_}y§m5ywzy{j#lmﬀzmdyﬃJQ{F~yzm5qª«z¬­mJ§¨§ciFl_~kQkmdyﬃy#¥ J#¨{
iωθW +
k¨Ã
F (W ) + KW = S,
³¾FQµ
_¹¨mJ~mJ~ﬁ_m 
iωθW + Gx∂xW + Gy∂yW + Gz∂zW + KW = S.
³H_µ
_¸
W =
(
E
H
)
mﬁ{
θ =
(
ε

3

3

3 µ

3
)
¤r~©ykkS_ym#&§
yk¨{mﬀQkm
σ = 0
ﬁmﬀQk%#F~zÉ{p¦
K = 0
ÁbFkSm#§F~yFyyÆQkmﬀyÆF~
}JyFk{§mJy,d_M{F~y'mJ~
ilﬀ{}{§z§mbymdﬁF~ﬀlm#l&¹km
S
mJy{[~xk§%³»§zmJy{V#Q§z¦
(

6−G0)pW
¨~
SFpk~ªJ§ﬁk§'m#~giFlªzIF·{}dµﬁÁ,Fkr§.kymﬀm#~ª#Flz{m0zmJyrﬁ_~z¨{F~yrz«§¨lÉ{}mJyJÇ_~
zﬁjdzmÂ#Fllm.m#~ ¿d² F¥ mdy|{® ¦® z}mQkm§K¥ F~;_yyzﬁm.¦
Γh
k~kmÂ{¨{F~ Ib ⊂ N kmÂﬁmJ§¨§k§mJy
×S·{ÃFmdy#Á­¤r~ ykkS_ym©_m©§¨mdyljﬁ{}mdy
ε
mﬁ{
µ
y_~Q{
#F~y{}F~Q{}yF.ﬁm#§§k§¨m
ε|Cj = εj
mﬁ{
µ|Cj = µj
Á
 ﬀﬂ'     )"
*+#  
²¼~y&ﬁm#{{mymd·{}¨_~ÆÇ%_~;zJ#¨{-m#~;kﬁ{}F¨§§©lﬁ{ixkmÂzm.Ã_F§klmJy5×~ky-¨~Q{}zzk¨{mk~y-§
ymJﬁ{F~;zÁ Á¿Á'_kﬀk~m
º
F~ﬁ{F~ÎÃ_mJ·{}F}¨mJ§¨§m
W
Ç%~k_y5~kF{m#}F~y
W j
y}2ÃM§m#k-l0Mw_m#~k~myk
Cj
ÇF¥ mdy|{® ¦® k¨}m 
W j =
1
Vj
∫
Cj
W dx.
V~©~Q{JF~Q{§D¥ JQM{}¨_~³KFFµﬃykk~mﬀﬁm#§§k§¨m
Cj
Çk_~_¹z{m#~Q{
iωVjθjW j +
∫
Cj
k¨Ã
F (W )dx = VjSj .
¯¼ F#m°FÂ{}ik#_jJlm°km-uQ{_±FmJy 
iωVjθjW j +
∫
Cj
F (W ).nds = VjSj
⇔ iωVjθjW j +
∑
k∈Vj
∫
Σjk
F (W ).njkds = VjSj ,
Qkcmdy|{bdQk¨ÃMF§¨mJ~_{bF2ywzy|{}j#lm 

iωVjεjEj +
∑
k∈Vj
∫
Σij
NjkHds = −VjSj ,
iωVjµjHj −
∑
k∈Vj
∫
Σjk
NjkEds = 0.
³ Hx¿dµ
ö'ö ç0Z[\]$^
_  P 0 $&ﬁ* 0	
 &0*  ﬂ'.&0*/	
 ' ﬂ* 
_¸
Njk =
3∑
i=1
nxljkNl
mdy|{5¹_yyﬀzmJy°~k_l
F§¨mdyr~kÉ{mdy#Á%¤r~¨~Q{}zzk¨{ﬀ§mJy Qz«~Ql0JQkmJy
ykÃM~Q{}y 

ΦH,jk ≡ ΦH(Hj , Hk, njk) ≈
∫
Σij
NijHds,
ΦE,jk ≡ ΦE(Ej , Ek, njk) ≈
∫
Σjk
NjkEds,
³ HFµ
m#{
Φjk = (ΦH,jk ,−ΦE,jk)t Áﬀp¨~yDÇ%³Hz¿Jµﬃy#¥ J#¨{by}y 
iωVjθjW j +
∑
k∈Vj
Φjk = VjSj .
³ HMË_µ
Ì%mJy Qz«~xkl#}Qkmdy5³HFµﬃy_~_{bJ§ﬁk§Jyzm5l
F~k¨jJm°ﬁmJ~Q{}#m  Ë_Ë
 

ΦH,jk =
Sjk
2
[NjkHj + NjkHk] ,
ΦE,jk =
Sjk
2
[NjkEj + NjkEk] .
³ H@Qµ
¤r~2~_{}zzÉ{
M jjk = Mjkθ
−1
j
@ÃFmd
Mjk =
(

3 Njk
−Njk  3
)
Á
V~ÎF~k~kmﬁ«zmHxÁßzÇc_~glF~Q{}mk~Èﬁm#{}F¨~)~kFl&¹k}mkm0_kﬁ{}Jy¼Fy}ym  0yl0§¨mdy°mJ§{ÃFmJy°¦§
l
{}#m
Njk
Á¶§ÆmJ~kJﬁ_k§m¼¹¨mJ~mJ~Q{m#~z©ﬁm#{}F¨~mJyﬃk}Fk}ﬁ{dy_k
M iij

• M jkj = Mkjθ−1j = −Mjkθ−1j = −M jjk
Á
•
∑
k∈Vj
SjkM
j
jk = (
∑
k∈Vj
SjkMjk)θ
−1
j = 0
Á
V~k×~ÆÇk_~z#×~k¨{ﬃSF
j ∈ Ia ÇQ§&l{}#m¼Æ¥ ldk~#m Zj = cjθj =
(
z−1j

3

3

3 zj

3
)
Áz,Fk
}m#Ã_m#~k¦0~k{}m5y}ik#l
kÇz~FyzmJÃF_~yﬃzF~°#{k¨mJ
iωVjθjW j +
∑
k∈Vj
SjkF jk = VjSj ,
³ HFµ
@Ã_mJ
F jk = Mjk
(
W j + W k
2
)
ÇkSFk
j ∈ I m#{ k ∈ Vj Çky}Fi~Q{b_m Φjk = SjkF jk Á
T
"
6
"
6


:¾Ó x¡ 
9
Ó ﬁ xÕFÑ
9
ﬁ :»Ó;:¾Ñ
9
 
k  M½Ö(:¾¡ :¾Ó x
Ì'.z#l
F}ikm-mJy{ry|{}·{}m#lm#~Q{pzmJ~_{}Qkm0¦.ﬁmJ§¨§m-ykÃQm-kF~yb§m&JFy-¿J²&Á²¼~yp§
lmdyk}mﬀ_¸
§mJyﬁmJ§¨§k§mJy
(Cj)i∈Ib
yF~Q{e×ﬁ{ÃFmdy#ÇQ~kFyezm#~Q{}É×mJ_~y­§¨mJk}y­F}Fl0j#{}mJy­¦-ﬁmJz«.zm¼§¨mJk}yﬁmJ§¨§k§mJy
Ã_Fy~kmdyJm#§§¨mdy#ÇVyb¹km#~ÏQkm©SFk
k ∈ Vmj ∪ Vaj
Ç
(εk, µk) = (ε|Σij , µ|Σij ) = (εj , µj)
Ç­Æ¥ _¸
õ»íöÆõ÷ã
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Mkjk = M
j
jk
Á ¶§[~kFy
º
Fz{5#Q§m#lm#~Q{¼kﬁ×~k°§¨mdy°ﬁ{M{}yr×ﬁ{
º
y
W k
zm
yF{m&Qkm0§mJy5ﬁ_~z¨{F~y
§l0¨{mdybyFm#~Q{mdySmJﬁ{#mdy
º
¹k§¨mJlm#~Q{JÁ e~©{ﬁk§m#dÇxyÆ~k_yﬃk}m#~k_~y 
∀ (j, k) ∈ I × Vaj : W k =
(

3 zjNjk
−z−1j Njk

3
)
W j + ξ
(

3 −zjNjk
z−1j Njk

3
)
W

,
³ HM_µ
∀ (j, k) ∈ I × Vmj : W k =
(−  3  3

3

3
)
W j + 2(ξ − 1)
(

3

3

3

3
)
W

,
³ H+Hµ
F§¨_}y§m5il W j + W k
2
≈ W|Σjk
y}M{y
º
m#
º
F¨¹k§m#lmJ~_{b§mJy#F~kÉ{}¨_~yﬃ§¨lÉ{}mJyJÁ
Ł­_l0lmk~y-§¨m#_y
¿J²7³»Ã_F-§ªymd·{}¨_~;ËkÁ¿FÁßµ·Ç§ªkym.m#~À#Flz{}mÂzmÂ§ª#F~z¨{F~;Fz«
§l0¨{mdy¨lS_y#m°ykﬃ§
º
}F~Q{j#}mrF¹yF}¹~Q{mp~kJ#mJy}y¨{m¼§0z_F~F§¨y{F~
zm°§ﬀl
M{}ﬁm°zm Qz«
_yyzﬁ#m¦¼§
º
_lmb#F~ym#}ÃMM{ÃFmz
ywzy|{}j#lmbc¥ JQM{}¨_~y[zmpqgM«z¬­mJ§¨§Æ³¾QµﬁÁ_²¼~y[§mb#_y[k}Jym#~Q{JÇ
§,y#¥ _É{rkm-§
l
M{}ﬁm
M jjk = Mjkθ
−1
j
ÁIÌ%.z_F~F§¨y}M{F~©zm0ﬁm#{{m&l
M{}ﬁmﬀmdy|{°zJ#¨{m-~y
§D¥ ~k~km#«zmHzÁ ËkÁ
¤r~2z{}¨§ym°§¨mdybﬁ_~z¨{F~yﬃJ~kF~ﬁ#mdyﬃm#~2~k~mﬁ«zm"HxÁ 0dQk¨ÃMF§¨mJ~_{}mJyFz«ﬁ_~z¨{F~yﬃ§l0¨{mdy#Á
>
MÑ
9
Ó;:)BQ 


dÑﬀ



9
Ó x  ∀ (j, k) ∈ I × Vaj :
(M jjk)
−θj
W j + W k
2
=
1
2
(M jjk)
−
(
εj 0
0 µj
)(

3 z
−1
j Njk
−zjNjk  3
)
W j
+
ξ
2
(M jjk)
−
(
εj 0
0 µj
)(

3 −zjNjk
z−1j Njk

3
)
W

=
cj
4
(
N2jk z
−1
j Njk
−zjNjk N2jk
) εj
Njk
cj
−Njk
cj
µj
W j
+ ξ
cj
4
(
N2jk z
−1
j Njk
−zjNjk N2jk
) εj −
Njk
cj
Njk
cj
µj
W 
= ξ
cj
2
N
2
jkεj
Njk
cj
−Njk
cj
N2jkµj
W  = ξ(M ijk)−θjW  .
>
MÑ
9
Ó;:)BQ¡;QÓ 
kÖ¾Ö(:
L
  Q  ∀ (j, k) ∈ I × Vmj
@ÃFmd
Υjk =
(−Njk  3

3

3
)
:
ö'ö ç0Z[\]$^
Q  P 0 $&ﬁ* 0	
 &0*  ﬂ'.&0*/	
 ' ﬂ* 
Υjk
W j + W k
2
= Υjk
(

3

3

3

3
)
W j + (1− ξ)Υjk
(−  3  3

3

3
)
W

=
(−Njk  3

3

3
)(

3

3

3

3
)
W j
+ (1− ξ)
(−Njk  3

3

3
)(−  3  3

3

3
)
W

= (1− ξ)
(
Njk

3

3

3
)
W

= (ξ − 1)ΥjkW  .
npFy_¹z{mJ~kF~ybzmJybdyk§¨{}{}yQkﬁF~k×lmJ~_{bQkmﬀ#mJyb#F~z¨{F~yby_~Q{bÃF#}¨×#mdy
º
¹k§¨mJlm#~Q{JÁ
¤r~Sm#z{bl
~Q{mJ~~Q{p#F§#k§m#ﬃ§¨mRQz«ﬁ_}mJySF~kF~Q{ﬃ¦i__m°#F~kÉ{}¨_~Fz«Â§¨l¨{mJyJÁ
>
ÖK UM 
k  M  MÑ
9
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
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9
Ó x  ∀ (j, k) ∈ I × Vaj :
F jk =
1
2
(MjkW j + MjkW k) =
1
2
Mjk(W j + W k)
=
1
2
Mjk
[(

3 zjNjk
−z−1j Njk

3
)
W j + ξ
(

3 −zjNjk
z−1j Njk

3
)
W

]
=
1
2
[(−z−1j N2jk Njk
−Njk −zjN2jk
)
W j + ξ
(
z−1j N
2
jk Njk
−Njk zjN2jk
)
W

]
=
cj
2
[( −εjN2jk z−1j µjNjk
−zjεjNjk −µjN2jk
)
W j + ξ
(
εjN
2
jk z
−1
j µjNjk
−zjεjNjk µjN2jk
)
W

]
= (M jjk)
+θjW j + ξ(M
j
jk)
−θjW  .
Ł­_l0lmﬀSFb§¨mRQz«2F¹yF}¹~Q{lF~kzzlm#~y¨_~k~kmJ§KÇk~{}mﬀy}ik#l

¦ Qz«2ﬁmJ~_{}dyl-~k'zm
§5ﬁ_~z¨{F~ª³ HMFµ[ymblj#~mb¦5k~.y}ik#l
5¦ Qz«
zdﬁm#~Q{}pkm{|wxmrux{m#_m#Vm#{ È}l0~k  ËOH 
 Á_Ì%mJy
m#«zkmdyyF~yﬃzmdyﬃl{}#mJy
(M jjk)
+ mﬁ{ (M jjk)
− y_~_{kSm#§#mdym#~©~k~mﬁ«zm"HxÁ ËzÁ
>
ÖK UM 
k  M  MÑ
9
Ó;:)BQ
¡À_Ó 
kÖ¾Ö(:
L
  x  ∀ (j, k) ∈ I × Vmj :
õ»íöÆõ÷ã
 
		ﬁﬀﬃﬂ !"$#%ﬀ&ﬁ(')ﬁ*"	+" &,-./&0ﬂ120*')#ﬀ% ﬃH
F jk =
1
2
(MjkW j + MjkW k) =
1
2
Mjk(W j + W k)
=
1
2
Mjk
[
2
(

3

3

3

3
)
W j + 2(1− ξ)
(−  3  3

3

3
)
W

]
=
(

3 Njk
−Njk  3
)(

3

3

3

3
)
W j + (1− ξ)
(

3 Njk
−Njk  3
)(−  3  3

3

3
)
W

=
(

3 Njk

3

3
)
W j + (1− ξ)
(

3

3
Njk

3
)
W

.
[b#F~yJQkmJ~Q{JÇkycF~2Qym
Qmjk =
(

3 Njk

3

3
)
ÇF§¨_}y 
∀ (j, k) ∈ I × Vaj : F ajk = (M jjk)+θjW j + ξ(M jjk)−θjW  ,
∀ (j, k) ∈ I × Vmj : F mjk = QmjkW j + (ξ − 1)(Qmjk)tW  .
³ H0S_µ
y}Fi~Q{ﬃQkm
Qmjk
mdy|{pF~_{}É®¶ywQl#{}Qkm_Á
T
"
6
"
= >
Ñ @¡ Ö 
zÓ;:¾Ñ
9
¡ 
zÓ	0:¾Õ: xÖ¾Ö 
qªF¨~Q{}m#~F~_{0_mÂ~k_y-@Ã_F~y5m#«zkl.§mQz«ÎJ§¨Jl0mJ~Q{}}mÂFy}yz#¨.¦)iFQkm{|wxSmzm
º
Fﬁm
kl
F¨§§FFm Th ÇÆ~kFyﬀ§§¨_~y°m#~Èdﬁ}¨}m§¨m
¹k§~Îzm.l
~¨jJm
¦ º F}l-k§m#5~;ywzy{j#lml
M{}ﬁm#§
yl0§m°¦&#m#§kcQkm°~kFyﬃ@ÃxF~ye{}FkÃ_¼~y§m°JFz}mpl_~kzz¨lmJ~yF~~km#§DÁxV§¨yk}Jﬁy#lm#~Q{JÇ
SFk~kmﬀﬁmJ§¨§k§m {Cj}j∈I ÇF~F¹z{}¨mJ~_{
∑
k∈Vj
SjkF jk =
∑
k∈Vd
j
SjkF jk +
∑
k∈Vm
j
SjkF
m
jk +
∑
k∈Va
j
SjkF
a
jk
=
1
2
∑
k∈Vd
j
Sjk(M
j
jkW j + M
k
jkW k)
+
∑
k∈Vm
j
Sjk
(
QmjkW j + (ξ − 1)(Qmjk)tW 
)
+
∑
k∈Va
j
Sjk
(
(M jjk)
+θjW j + ξ(M
j
jk)
−θjW 
)
Ł­_l0lm-~yp§¨m0#Fyﬀ¿J²&Ç§mJyb{m#}lmJyr_#F~Q{m#~k~m#~Q{p§m-il©~ﬁzmJ~_{°ymJ_~Q{pFy}yl¨§Jyb¦
kmJyr{mJlmJy5yF}#mJyJÁSnpFy°SFkÃ_F~y°z_~&§¨mdy°mJF}FkSm#¼m#~k~ÈymJk§[mﬁ{5lÄ#lm0{mJlm
Qkm&~Fy
~{mJ_~yﬃzm5§
º
 ﬁ_~ykÃ@F~Q{m 
ö'ö ç0Z[\]$^
OS  P 0 $&ﬁ* 0	
 &0*  ﬂ'.&0*/	
 ' ﬂ* 
γ
j =
ξ ∑
k∈Va
j
Sjk(M
j
jk)
−θj + (ξ − 1)
∑
k∈Vm
j
Sjk(Q
m
jk)
t
W

.
¤r~2F¹k{m#~Q{b§Fy 
∑
k∈Vj
SjkF jk =
1
2
∑
k∈Vd
j
SjkMjkW j +
∑
k∈Vm
j
SjkQ
m
jkW j
+
∑
k∈Va
j
Sjk(M
j
jk)
+θjW j +
1
2
∑
k∈Vd
j
SjkMjkW k + γ j
#m5_Æ~kFyﬁF~zk¨{p¦ 
∑
k∈Vj
SjkF jk =
1
2
∑
k∈Vd
j
SjkMjk +
∑
k∈Vm
j
2SjkQ
m
jk +
∑
k∈Va
j
2Sjk(M
j
jk)
+θj
W j
+
1
2
∑
k∈Vdj
SjkMjkW k + γ j .
³ HM_µ
Ì'0km#z«zj#lmﬀFy}ymJ{}¨_~zm5§0k}FS_yÉ{}¨_~zm5§D¥ F~k~kmﬁ«zm"HxÁß0zF~~km 
∑
k∈Vj
SjkMjk = 0 ⇒
∑
k∈Vdj
SjkMjk +
∑
k∈Vm
j
SjkMjk +
∑
k∈Va
j
SjkMjk = 0
⇒
∑
k∈Vd
j
SjkMjk = −
∑
k∈Vm
j
SjkMjk −
∑
k∈Va
j
SjkMjk.
³(SF_µ
V~©~M|md·{}F~Q{5³(SFQµﬃk~y5³ HMFµﬁÇk~k_y{}FkÃ_F~y 
∑
k∈Vj
SjkF jk =
1
2
 ∑
k∈Vm
j
Sjk(2Q
m
jk −Mjk) +
∑
k∈Va
j
Sjk(2(M
j
jk)
+θj −Mjk)
W j
+
1
2
∑
k∈Vd
j
SjkMjkW k + γ j ,
¤rbzmdy#F§#k§yyl0§¨mdybzF~~km#~Q{
2Qmjk −Mjk =
(

3 Njk
Njk

3
)
,
2(M jjk)
+θj −Mjk =
(−z−1j N2jk  3

3 −zjN2jk
)
.
õ»íöÆõ÷ã
 
		ﬁﬀﬃﬂ !"$#%ﬀ&ﬁ(')ﬁ*"	+" &,-./&0ﬂ120*')#ﬀ% Q
ux%F~Qym
P mjk =
(

3 Njk
Njk

3
)
mﬁ{
P ajk =
(−z−1j N2jk  3

3 −zjN2jk
)
Çk§Fy 
∑
k∈Vj
SjkF jk =
1
2
 ∑
k∈Vm
j
SjkP
m
jk +
∑
k∈Va
j
SjkP
a
jk
W j + 1
2
∑
k∈Vd
j
SjkMjkW k + γ j .
³(Sk¿dµ
Ì'0km#}~k¨jJm°#{}Smﬀﬁ_~yy{m5¦0¨~|mJ·{}m#ﬀ³(Sk¿dµﬃ~y5³ HµﬁÁS¤r~_¹z{m#~Q{ 
iωVjW j +
1
2
 ∑
k∈Vm
j
SjkP
m
jk +
∑
k∈Va
j
SjkP
a
jk
W j + 1
2
∑
k∈Vd
j
SjkMjkW k + γ j = VjSj ,
SFb¹SFz{}¨bFy}ik#l
yk¨ÃMF~_{kSFﬃ{Fk{
j ∈ I 
2iωVjθj + ∑
k∈Vm
j
SjkP
m
jk +
∑
k∈Va
j
SjkP
a
jk
W j + ∑
k∈Vd
j
SjkMjkW k = 2(VjSj − γ j ).
³(S_Fµ
¶§Sy#¥ _É{[l
~Q{m#~~Q{ec¥ Jﬁ}mﬃk~km
º
_l&k§M{F~0l
M{}ﬁm#§§¨mbk.yikJl
0³(S_µﬁÁxŁ­m
º
Fy}~Q{JÇM~Fy
Ã_Fk§F~ylF~Q{}m#¼_m-§
l
M{}ﬁmﬀ_§¨_¹§m-zgywzy|{}j#lmﬀS_y}yjdzmﬀk~m0y{}·{}k}mﬀkm#~Q{Qkm&¦.#m#§§¨m
kJFy¿J²&Á'¤r~ÈzJy¨_~km
b ∈ C6×N §m
ymdﬁ_~ªlm#l&¹k}m0m#{ﬀ A ∈ M6×N (C) §l
M{}ﬁm
_§¨_¹§m¼dyk§¨{}F~Q{km5§K¥ Fy}ymJl-¹k§_mrz©y}ik#l
2³)SQµ·Á
,F
W ∈ C6×N Çc_~g{}_kÃFm0F F#m0F)¹¨§~ÈzmJy Qz«gSFk5§2ﬁm#§§k§¨m Cj Qkmª³(S_µ¼yJ¥ dﬁ}É{
yFyﬃ§
º
F}lm
(AW )j = bj @Ã_mJ A = iD + Z +R mﬁ{ 
(DW )j = 2ωVjθjW j ,
(ZW )j =
∑
k∈Va
j
SjkP
a
jkW j ,
(RW )j =
∑
k∈Vm
j
SjkP
m
jkW j +
∑
k∈Vd
j
SjkMjkW k,
bj = 2(VjSj − γ  ).
 MÑ @eÑS
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³¾µ D mJy{#§F¨}m#lm#~Q{Âz_F~F§¨m©Â¹§¨z#yJÇ­@Ã_mJ Djj = 2ωVjθj _rmdy|{ywxlﬁ{}_mgzﬁ×~k¨m
S_y¨{ÃFmFÁ¤r~2zF~5_m D mdy|{pywxl0#{}Qkm5z#×~km5Qy¨{ÃFm_Á
³¾¨÷µ Z mJy{yyrz_F~F§¨m©Â¹§¨z#ymﬁ{ Zjj =
∑
k∈Va
j
SjkP
a
jk
Áﬃ²pm)k§y#Ç
P ajk
mJy{ywxlﬁ{}_m
S_y¨{ÃFm.³»Ã_Fbk}FS_yÉ{}¨_~È¿JËFµﬁÁS²rF~
∑
j∈Va
j
SjkP
a
jk
mdy|{¼ywxlﬁ{}Qkm5Qy¨{ÃFm_ÁI¤r~2m#~ªkJzk¨{¼Qkm
Z mdy|{pywxl0#{}Qkm°m#{bQy¨{ÃFm_Á
³¾¨÷µﬃ²-¥ k}jJyyF~2zJÃFm#§FmJl0mJ~Q{ 
∀ j ∈ I , Rjj =
∑
k∈Vm
j
SjkP
m
jk
m#{ Rjk =
{
SjkMjk
SFk
k ∈ Vdj ,
0
SFk
k ∈ I\({j} ∪ Vdj ).
npFyV@Ã_F~y,_kÃFﬃm#~k}FS_y¨{F~¿JË°zmb§D¥ F~k~km#«xm HzÁ 5Qkm
P mjk
m#{
Mjk
yF~Q{VmdySmJﬁ{ÃFmJl0mJ~Q{
F~Q{ywxlﬁ{}Qkmrm#{pywxlﬁ{}QkmFÇz_~mJ~©zJzÉ{pQkm 
∀ j ∈ I , Rjj mJy{p~Q{ywxlﬁ{}Qkm°mﬁ{ ∀ (j, k) ∈ I2 , j 6= k , Rjk mJy{pywxlﬁ{}Qkm
²&¥ Fz{}mp{JÇQ~kFy­@ÃF_~yVyyQkm Rji = −Rjk kkyQkm Mji = −Mjk Ák¤r~.mJy{­mJ~.lmJyk}m
Æ¥ Fkk§QkmJe§ﬀk}FS_yÉ{}¨_~2¿F¿pzmr§K¥ ~~kmﬁ«zmRHzÁ kÇ_m#{z_~pzm¼ﬁ_~ﬁ§k}mpQkm R mdy|{ﬃ~Q{ywxlﬁ{}QkmFÁ
V~gdykl_Ç~k_yp@Ã_F~y~km-l
M{}ﬁmﬀ@wQ~Q{bk~km0y|{}·{mﬀzmJ~_{}Qkm&¦
§.l{}#mﬀF¹k{m#~xkm
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ymJ}y¨_~5~xkl#}QkmVzm­~k{}mVy}ikJlÁJÌe¥ #{zm
km5§
zymJ}y¨_~©c¥ ~ªyikJl
mJlmﬁ{pkm-ﬁ_~k~ {}m5y
J_ﬁ¨{ﬀ¦k}FFmJﬁF}}mJ·{}m#lm#~Q{k~km
_~zm_Á e~Zm Sm#{JÇ[§D¥ _}z}mkmk}J#yF~Àzm2§g}m#§M{}¨_~Àzm2zySm#yF~½zy#j#{mmJy{yFkÃ_m#~Q{&lym
mJ~Î@Ã@F~Q{°SF5#ÃM§km#5§k}Jﬁy¨_~c¥ k~Îy}ik#l
~xkl#}Qkm_Á%ÌV¥ ﬁ{}zm.zm.zymJ}y¨_~#F~yy|{}m
¦0yJ¥ ~Q{#}mJy}ym#¦&kmJyyF§z{F~yﬃ{ﬁk§¨jJmdyﬃzmJyJQ{F~ykm°qgM«z¬­mJ§¨§DÇzkSm#§#mdyﬃF~kmJyk§~kmdy#Ç
QkÆyF~Q{bzm5§
º
F}l0m 
U (x, y, z) = U 0e
−ik.(x,y,z)t .
V~Â¨~M|md·{~Q{­ﬁm#{{}mbF~kmpk~y[§¨mdy eq#F~Q{~xkmJyJÇ_~{}FkÃ_m§5}m#§M{}¨_~kmpzySm#yF~ ,D&   
ω2ex = c
2|k|2 Á
V~Êﬁ_~yzJ}F~Q{Âk~kmF}¨§§m)#F{}Jy¨mJ~k~kmgkF~Q{§mJyﬁmJ§¨§k§mJy2yF~Q{zmg{}F¨§§¨m
∆x × ∆y × ∆z
m#{&z_~_{ﬀ§mJy-#Fﬁ{Jy|{}Qkmdy5zÎl¨§m#
ε
m#{
µ
y_~_{-#F~y{}F~Q{mJyJÇc~k_y5SFkÃ_F~y5}mJim#ikm#°§mJy
yF§z{}¨_~y-{ﬁk§¨jJmdy&km~kF{}my}ikJlÇkmÂ{|wxSm_~zmdy-k§~mJy0~xkl#}Qkmdy#Ç,Qky_~_{
zm§
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_lm.ykÃ@F~Q{m _k-i_QkmÂﬁmJ§¨§k§m
Cj,l,m
Ç,zF~Q{-§mÂﬁmJ~Q{}m.zmÂ_}@Ãx¨{
©SFk0ﬁxFzF~~k#mdy
(j∆x, l∆y, m∆z)

U j,l,m = U 0e
−i(jkx∆x+lky∆y+mkz∆z),
#m©_b~kFy
lj#~kmJ}¦Èﬁ_~k~ {}m2§}m#§M{}¨_~ZzmªzymJ}y¨_~½ky}ﬁ}jﬁ{}mmJ~Q{}m
ω
Ç
k
§m©~kFl&¹k}m
Æ¥ _~zm°mﬁ{pzm
c
ÁuxFyb§¨mdyﬃiQwxS{}ikjJymJyﬃk}J#JzmJ~Q{mJyJÇx~k{}m5y}ik#l
2³)SQµﬃyJ¥ dﬁ}É{
iω∆x∆y∆zθj,l,mXj,l,m + ∆y∆z
Mj+1,l,mXj+1,l,m + Mj−1,l,mXj−1,l,m
2
+ ∆x∆z
Mj,l+1,mXj,l+1,m + Mj,l−1,mXj,l−1,m
2
+ ∆x∆y
Mj,l,m+1Xj,l,m+1 + Mj,l,m−1Xj,l,m−1
2
= 0,
m#{pﬁ_~zk¨{b©yi#l
&kI#}m#~#mJy×~¨mdybﬁmJ~_{}JmJyykÃ@F~Q{ 
iω

Exj,l,m
Eyj,l,m
Ezj,l,m
 =
1
µ

Hyj,l,m+1 −Hyj,l,m−1
2∆z
− H
z
j,l+1,m −Hzj,l−1,m
2∆y
Hzj+1,l,m −Hzj−1,l,m
2∆x
− H
x
j,l,m+1 −Hxj,l,m−1
2∆z
Hxj,l+1,m −Hxj,l−1,m
2∆y
− H
y
j+1,l,m −Hyj−1,l,m
2∆x

³(SFË_µ
m#{ 
iω

Hxj,l,m
Hyj,l,m
Hzj,l,m
 = −
1
ε

Eyj,l,m+1 −Eyj,l,m−1
2∆z
− E
z
j,l+1,m −Ezj,l−1,m
2∆y
Ezj+1,l,m −Ezj−1,l,m
2∆x
− E
x
j,l,m+1 −Exj,l,m−1
2∆z
Exj,l+1,m −Exj,l−1,m
2∆y
− E
y
j+1,l,m −Eyj−1,l,m
2∆x
 .
³(SQµ
V~
~M|md·{}F~Q{p³)SQµ,k~yp³)SFË_µmﬁ{Vz{}¨§y}~Q{ezm~FkÃ_mJ2³)SF_µ·ÇFmﬁ{Vm#~
ykkS_y}~Q{[ÃFJ
º
~kÃFmJF
ky}ﬁ}mﬁ{§&}m#§M{}¨_~ ∇( z¨Ã E) = 0   ÇzF~2_¹z{m#~Q{
ω2Ej,l,m = c
2
(−Ej−2,l,m + 2Ej,l,m −Ej+2,l,m
4∆x2
+
−Ej,l−2,m + 2Ej,l,m −Ej,l+2,m
4∆y2
+
−Ej,l,m−2 + 2Ej,l,m −Ej,l,m+2
4∆z2
) ³(S_Fµ
¶§%ym¼{}FkÃ_m¼Qkm
³(S_µﬃ#F}mdySF~.mﬁ«kFﬁ{m#lmJ~_{b¦0k~km5zy}ﬁ}ﬁ{y}M{F~zm5§D¥ d_M{F~zm bmJ§¨l0®
iF§¨{ -¼k~)y}ik#l
zI#}m#~ﬁmJy¼ﬁmJ~Q{}#mJyJÁ V~gm Sm#{JÇÆy'_~gF{°zmJyrJQ{F~y¼zmqªM«z¬m#§§'mJ~
kFl
~km
º
dQkm#~Q{m#§DÇzF~F¹k{m#~Q{py_yﬃ§D¥ ixwxF{ikjdym5Qkm
ε
m#{
µ
yF~Q{bﬁF~y|{~Q{mdy 
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iωE −∇× (µ−1H) = 0
iωH +∇× (ε−1E) = 0
⇔

iωE − µ−1 }{ H = 0
H =
i
εω
F{
E
⇔ ω2E + c2 (∆E −∇( zÃ E)) = 0,
⇔ ω2E + c2∆E = 0 ( yFyﬃ§D¥ iQwxS{}ikjJym ∇( zÃ E) = 0),
kF~Q{§0zy##{y{F~ÂmJ~kI#}m#~#mJy#m#~Q{}#mdyF¹_z{¨{b¦2³)S_Fµ·Ç#m°Qkcl_~_{}m¼§m¼§m#~{}jJyﬁ{}_É{
mJ~Q{}m§D¥ JQM{}¨_~Zzm pm#§likF§¨{ 2mﬁ{.§mJydQM{}¨_~yzmªqªM«z¬m#§§ﬃm#~ zFl
~km
º
}JQkm#~Q{}¨mJ§KÁVnpFy
F§¨§F~yﬃlF¨~Q{}m#~F~_{JÃ@F§¨m#§mJyﬃ{}m#}l0mdybz©ymJﬁ_~l0mJl-¹k}mﬀzm.³(S_µmJ~w¨~|mJ·{~Q{b§D¥ _~zm5k§~km
~xklJQkm5zﬁ×~¨mﬀFk@ÃM~Q{JÁk¤r~{}FkÃ_m 
−Ej−2,l,m + 2Ej,l,m −Ej+2,l,m
4∆x2
=
−ej2kx∆x + 2− e−j2kx∆x
4∆x2
Ej,l,m
=
2− 2 cos(2kx∆x)
4∆x2
Ej,l,m
=
sin2(kx∆x)
∆x2
Ej,l,m.
¤r~m#~2zJkkÉ{pkF~°QkmFÇzSF~kmﬀy_§¨k{F~ky}ﬁ}jﬁ{}mr~k_~zmJ~_{}QkmJlm#~Q{b~xk§¨§mFÇ
ω
mﬁ{
k
y_~Q{
§JyﬃF§0}m#§M{F~2zm5zySm#y¨_~zy}ﬁ}jﬁ{m5ykÃ@F~Q{m 
ω2
c2
=
sin2(kx∆x)
∆x2
+
sin2(ky∆y)
∆y2
+
sin2(kz∆z)
∆z2
.
Ł­m#{{mpmJ§{F~yF~k¨×mbQkm§mJy[_~zmdy,k§F~kmJyV~kmbym__m#~Q{Fy[m#«z_·{}m#lm#~Q{V@ÃFmd­§°¹SF~k~km
k§y}M{}¨_~.F§-¹_~k~km¼ÃxÉ{}mJy}ym_Áz¤r~mJlF}Qkmp~kJF~klF~y­QÆ¥ F~Âm#{}FkÃ_mb§&}m#§M{F~zmrzymJ®
yF~mﬁ«kFﬁ{m5Q~§mJy{}Fyﬃ_yc¥ mdyFﬁm
∆x
Ç
∆y
mﬁ{
∆z
{mJ~zm#~Q{bÃ_m#yÁ
V~)mImJﬁ{F~_{°k~z#Ã_m#§FkSm#lm#~Q{¼§¨lÉ{}&mJ~
∆x
Ç
∆y
mﬁ{
∆z
m#~Âc¥ Fz}m&.kF~y0³)SQFµ-Ç_~
{}_kÃFm_Çxm#~2~k{~Q{
h = max(∆x, ∆y, ∆z)
Çk§0}m#§M{}¨_~zm5zymJ}y¨_~Fkk}zik#m 
ω2
ω2ex
= 1− k
4
x∆x
2 + k4y∆y
2 + k4z∆z
2
3|k|2 + O
(|k|4h4) . ³(SF_µ
¶§[mdy|{°¨~Q{}#}mJy}yF~_{°zm
ﬁ_l0}m#°ﬁmﬁ{{m}m#§M{F~)¦#m#§§¨m0F¹z{}m#~xkm
kF~y¼§¨mzFl
F¨~km&{mJl_mJ§KÁ
e~
mImﬁ{JÇQm#~.ym}
º
#~Q{e¦  Ë_
DÇ_§K¥ m#}mJkVzmpkymJ}yF~
k~yV§mpzFl
F¨~kmﬃ{}m#lSF}m#§SFeﬁmblÄJl0m
y}ikJlÂm#~mJyF#m&m#{¼SF5k~)y}ik#l
mﬁ«zk§#É{}m
zm-{|wxSm
yFz{m#®DlFk{F~g_k5§K¥ ~_{}#_}{F~ªmJ~
{}m#lymdy|{bz_~k~kJm¼
ω2
ω2ex
(
1− ω
2
ex∆t
2
12
+ O(ω4ex∆t
4)
)
= 1− k
4
x∆x
2 + k4y∆y
2 + k4z∆z
2
3|k|2 + O
(|k|4h4) .
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{}m#~´ÃFmJ}ykÁqªFy~k_y2ﬁF~y|{M{_~yy}y5Qkm~k{}mÈy}ik#l
;mdy|{
J_F§¨mJl0mJ~Q{ﬃ§¨yrzySm#y
º
Qkm5§¨m&yikJl
&mJ~2{mJl0SF}m#§DÇ#mﬁ{{}m-zSJmJ~ﬁmﬀk¨l~Q~Q{p§FyQkm°§D¥ _~
mJ~Â~Fyzm°{}m#lybzm°k§ymJ~2k§¨yﬃm#{¨{JÁ
  ﬀﬂ'     ./  " %&  )- 

²¼~y­ﬁm#{{mrymd·{F~%ÇF~.zdﬁ}É{­m#~.z#{}§k§5lﬁ{}ikzzmpzm{|wxSmr¯°§m#}±x¨~
zy}ﬁF~Q{}¨~x¨~Q{}zzk¨{m
~yﬃ§ymd·{F~©zÁ ÁßxÁnpFy#F~yz#}F~yﬃzm°~k_kÃFmd§K¥ JQ{F~ 
iωθW +
z¨Ã
F (W ) = S.
³)SOHFµ
¤r~2l-§É{}¨k§m.³)SOHµk~m
º
F~ﬁ{F~{mJy{py}#§}m
ϕj
mﬁ{bF~~_{}j#_m°yk~kmﬀﬁmJ§¨§k§m
Cj

∫
Cj
(iωθW +
zÃ
F (W ))ϕjdx =
∫
Cj
Sϕjdx
⇔ iωθj
∫
Cj
Wϕjdx +
∫
Cj
(
zÃ
F (W ))ϕjdx =
∫
Cj
Sϕjdx.
V~ªFkk§QF~Q{ﬃ§m¼{ikJF}j#lm5zm-¯¼}m#m#~k® m#l
F~k~ÆÇzF~F¹k{m#~Q{
iωθj
∫
Cj
Wϕjdx−
∫
Cj
F (W ) · ∇ϕjdx +
∫
∂Cj
(F (W ) · n) ϕjds =
∫
Cj
Sϕjdx.
³)SS_µ
Ł­_l0lmﬀkF~yﬃ§m°JFy°¿d²-Çz_~S_ym
φj = (ϕj1, ϕj2, · · · , ϕjdj )
§0¹Fym°§¨z#F§¨m5zm Pj = Pm[Cj ]
m#{r_~©~k{}m
W j
§
F|mJ·{}¨_~ªzm
W
yk Pj ³¾zm&lÄ#lmFÇ Sj mJy{r§
k}|md·{}¨_~ªzm S yk Pj µﬁÁ ¶§
yJ¥ F¨{l
~_{}m#~F~Q{Æ¥ ~M|mJﬁ{mJ
W j
kF~y§D¥ dQM{}¨_~³(S+S_µﬁÁnbF{}m°k_¹k§j#lm°mJy{p§Fyzmﬀikm#ikmJ
W j ∈ Pj {m#§'_m 
iωθj
∫
Cj
W jϕjdx −
∫
Cj
F (W )j · ∇ϕjdx
+
∫
∂Cj
(F (W ) · n) ϕjds =
∫
Cj
Sϕjdx
⇔ iωθj
∫
Cj
W jϕjdx −
∫
Cj
F (W )j · ∇ϕjdx
+
∑
k∈Vj
∫
Σjk
(F (W ) · njk) ϕjds =
∫
Cj
Sjϕjdx.
³(SF_µ
¶§­mdy|{}m.¦©kk}zikm#5§mJy Qz«Îyk
Cj
F¨~yeQkm.yk
Σjk
Á%nb_y-ik_yyyF~y°c¥ kzikmJ5§¨m
Qz«yk
Σjk
~y}ik#l
ﬁmJ~Q{} 
F (W )|Σjk ≈
F (W )j + F (W )k
2
.
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[b#F~yJQkmJ~Q{ 
∑
k∈Vj
∫
Σjk
(F (W ) · njk) ϕjds =
∑
k∈Vj
∫
Σjk
(
F (W )j + F (W )k
2
· njk
)
ϕjds
=
1
2
∑
k∈Vj
∫
Σjk
(F (W )j · njk) ϕjds
+
1
2
∑
k∈Vj
∫
Σjk
(F (W )k · njk) ϕjds
=
1
2
∫
∂Cj
(F (W )j · njk)ϕjds
+
1
2
∫
∂Cj
(F (W )k · njk) ϕjds.
V~ k§¨Q~Q{k~y0§D¥ Fz{}m2ymJ~y-§m{ikJF}j#lmzmª¯¼}m#mJ~z® b¨mJlF~k~ÀFÀk}m#lm#&{m#}lmk
lmJl-¹k}m5zmﬀz}F¨{mFÇz_~_¹z{m#~Q{
∑
k∈Vj
∫
Σjk
(F (W ) · njk) ϕjds = 1
2
∫
Cj
((
zÃ
F (W )j) ϕj + F (W )j · ∇ϕj) dx
+
1
2
∑
k∈Vj
∫
Σjk
(F (W )k · njk) ϕjds.
³KF_µ
V~©~M|md·{}F~Q{5³KFQµﬃk~yﬃ§zm#}~kj#}m°JQM{}¨_~km³(SFQµ·Çk_~F¹_z{¨{p¦ 
iωθj
∫
Cj
W jϕjdx −
∫
Cj
F (W )j · ∇ϕjdx
+
1
2
∫
Cj
((
zÃ
F (W )j) ϕj + F (W )j · ∇ϕj) dx
+
1
2
∑
k∈Vj
∫
Σjk
(F (W )k · njk) ϕjds =
∫
Cj
Sjϕjdx.
³Kk¿dµ
¤r~2S_ym 
F (W )j ≡ F (W )|Cj ≈ Fj(W j).
õ»íöÆõ÷ã
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[byk¨{m_Çk§K¥ JQ{F~È³¾¿Jµﬃzm#Ãxm#~Q{ 
iωθj
∫
Cj
W jϕjdx −
∫
Cj
Fj(W j) · ∇ϕjdx
+
1
2
∫
Cj
((
k¨Ã
Fj(W j)) ϕj + Fj(W j) · ∇ϕj) dx
+
1
2
∑
k∈Vj
∫
Σjk
(Fk(W k) · njk) ϕjds =
∫
Cj
Sjϕjdx.
³K_Fµ
V~©}m#__kF~_{§¨mdy{mJlmJykm5FFzm#~Q{}ym#{pzmﬀzÃFm#}FmJ~ﬁm_Çc³¾_Fµﬃzm#Ãxm#~Q{
iωθj
∫
Cj
W jϕjdx +
1
2
∫
Cj
((
k¨Ã
Fj(W j)) ϕj − Fj(W j)∇ϕj) dx
+
1
2
∑
k∈Vj
∫
Σjk
(Fk(W k) · njk) ϕjds =
∫
Cj
Sjϕjdx,
³KFË_µ
QkDÇkjdyz#Ã_m#§FkSm#lm#~Q{dÇkzF~k~m 
iωθj
∫
Cj
W jϕjdx +
1
2
∫
Cj
(
3∑
l=1
∂xl(Gxl)jW j
)
ϕjdx− 1
2
∫
Cj
3∑
l=1
(∂xlϕj)(Gxl)jW jdx
+
1
2
∑
k∈Vj
∫
Σjk
(
3∑
l=1
nxljk(Gxl)kW k
)
ϕjds =
∫
Cj
Sjϕjdx,
³KQµ
@Ã_mJ
∂xl(Gxl)jW j ≡
∂(Gxl)jW j
∂xl
Ç
∂xlϕj ≡
∂ϕj
∂xl
mﬁ{
njk = (n
x1
jk , n
x2
jk , n
x3
jk)
t ÁÆÌV¥ JQ{F~À³KQµ
Sm#k{pzF~°ym5JJ#m 
iωθj
∫
Cj
W jϕjdx +
1
2
∫
Cj
(
3∑
l=1
∂xl(Gxl)jW j)−
3∑
l=1
(∂xlϕj)(Gxl)jW j
)
ϕj dx
+
1
2
∑
k∈Vj
∫
Σik
MjkW kϕjds =
∫
Cj
Sjϕjdx,
³K_Fµ
_¸
Mkjk = Mjkθ
−1
k
y
Mjk =
(

3 Njk
−Njk  3
)
mﬁ{
θk =
(
εk

3

3 µk
)
Á
T
"
=
"
6


:¾Ó x¡ 
9
Ó ﬁ xÕFÑ
9
ﬁ :»Ó;:¾Ñ
9
 
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¤r~Îkzikm0§mJy Qz«Èy5§¨mdy5ﬁm#§§k§¨mdy5QkeyJ¥ Fkkkm#~Q{ﬀy5§¨mdy
º
_~_{}¨jJmdy°kixwzyQkmJy°ﬁ_ll0m
SFV§¨mby}ikJl°Ã_F§klmJy×~yJÁx¤r~z{}¨§ympz_~ﬃ§mJy[}m#§M{}¨_~y³H_µmﬁ{¼³H+Hµ·Á_F¨~yQkmp§¨mdy[l
M{}ﬁmJy
QkÆym#}F~Q{z{}¨§mJySF§¨mdyﬃkziF¨~m°J§ﬁk§y 
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Qmjk =
(

3 Njk

3

3
)
, Zj =
(
z−1j

3

3

3 zj

3
)
,
P ajk =
(−z−1j N2jk  3

3 −zjN2jk
)
, P mjk =
(

3 Njk
Njk

3
)
.
npFySFÃFF~yF§¨_}ym#«xlm#§mJy Qz«
º
_~Q{j#}mJyJÁQ,_kﬃ{_z{
j ∈ I m#{{_z{ k ∈ Vai

MjkW k = Mjk
((

3 zjNjk
−z−1j Njk

3
)
W j + ξ
(

3 −zjNjk
z−1j Njk

3
)
W

)
= M2jkZjW j + ξMjk(

6 −MjkZj)W 
= M2jkZjW j + ξ(Mjk −M2jkZj)W 
= P ajkW j + 2ξ(M
j
jk)
−θjW  .
³KF_µ
,Fﬃ{Fk{
j ∈ I m#{ﬃ{Fk{ k ∈ Vmj

MjkW k = MjkW k
= Mjk
((−  3  3

3

3
)
W j + 2(1− ξ)
(−  3  3

3

3
)
W

)
= P mjkW j + 2(ξ − 1)(Qmjk)tW  .
³KOHµ
qªF¨~Q{}m#~F~_{dÇky%F~2ym5ym#{kmJy}m#§M{}¨_~y°³¾F_µmﬁ{-³¾DHµkF~y§0QF~Q{¨{5ﬁ¨® kmJy}y_y 
∑
k∈Vj
∫
Σjk
MjkW kϕjds =
∑
k∈Vd
j
∫
Σjk
MjkW kϕjds +
∑
k∈Va
j
∫
Σjk
MjkW kϕjds
+
∑
k∈Vm
j
∫
Σjk
MjkW kϕjds,
³K+S_µ
_~Â{}_kÃFm5Qkm°§mJy Qz«2z«ﬁm#§§k§¨mdyﬃÃF_y¨~mJyyJ¥ dﬁ}¨Ã_m#~Q{ 
∑
k∈Vj
∫
Σjk
MjkW kϕjds =
∑
k∈Vd
j
∫
Σjk
MjkW kϕjds
+
∑
k∈Vaj
∫
Σjk
(
P ajkW j + 2ξ(M
j
jk)
−θjW 
)
ϕjds
+
∑
k∈Vm
j
∫
Σjk
(
P mjkW j + 2(ξ − 1)(Qmjk)tW 
)
ϕjds,
õ»íöÆõ÷ã
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yF¨{m#~#F}m 
∑
k∈Vj
∫
Σjk
MjkW kϕjds =
∑
k∈Vd
j
∫
Σjk
MjkW kϕjds +
∑
k∈Va
j
∫
Σjk
P ajkW jϕjds
+
∑
k∈Vm
j
∫
Σjk
P mjkW jϕjds + 2γ j ,
³KF_µ
@Ã_mJ 
γ
j = ξ
∑
k∈Va
j
∫
Σjk
(M jjk)
−θjW  ϕjds + (ξ − 1)
∑
k∈Vm
j
∫
Σjk
(Qmjk)
tW

ϕjds.
Ł­_l0lm.kF~y°§mJFy¿d²-Çc~k_y5ykkS_yF~y°l
~Q{mJ~~Q{ﬀQkm
W j(x) =
dj∑
k=1
W jkϕjk(x)
ÇÆF¸
Pj = Pm[Cj ] mJy{k}y#Fllmg§D¥ mdy_ﬁm)m#~k_m#~z}ªF§mJy º F~·{F~yy}#F§F¨}mJy._§¨wx~ _l0§mJy
kmªzm#_2 k§y#Q§b¦
m
yk
§Îﬁm#§§k§¨m
Cj
mﬁ{.§mJy.zmJF}Jyzm©§¨¹Sm#{©§z#Fz«ZyF~Q{
W jk ∈
C6
Á%,_yF~y
Wj = (W j1, W j2, · · · , W jdj )
³
Wj
mJy{-k~km.l
{}#m.md·{~k_§¨m
6 × dj µ°m#{ φj =
(ϕj1, ϕj2, · · · , ϕjdj )
ÁS¤r~2
W j = Wjφ
t
j
Á¤r~2~Q{}xkkÉ{bF§¨_}y§mJyl
M{}ﬁmdyﬃykÃM~Q{mdy 

Φj =
∫
Cj
φtjφjdx (Φj
mdy|{pywxlﬁ{}_m¼z#×~km5Qy¨{ÃFm
),
Φxlj =
∫
Cj
(
φtj (∂xlφj)− (∂xlφj)t φj
)
dx (Φxlj
mJy{F~Q{ywxlﬁ{}Qkm
),
Φjk =
∫
Σjk
φtjφkds (Φjk
mJy{b_m#§ﬁF~_m°km°{}§§¨m
dj × dk).
qªF¨~Q{}m#~F~_{dÇ%mJ~ÎkmJ~~Q{ﬀSFk
ϕj
yJﬁmJy}y¨Ã_m#lm#~Q{5{_z{mdyﬀ§mJy
º
_~·{}¨_~y-km.¹Fym
ϕjk
SFk
1 ≤ k ≤ dj ÇzF~2Sm#z{b}m º _l&k§¨mJﬃ§K¥ JQ{F~È³¾_Fµﬃy_yﬃ§ º _lmFÇ ∀Cj ∈ Th 
2iωθjWjΦ
t
j +
3∑
l=1
GxlWj(Φ
xl
j )
t +
∑
k∈Va
j
P ajkWj(Φjk)
t
+
∑
k∈Vm
j
P mjkWj(Φjk)
t
+
∑
k∈Vd
j
MjkWk(Φjk)
t = bj .
³|¿dFQµ
_¸
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bj = 2
SjΦtj − 2
ξ ∑
k∈Va
j
(M jjk)
−θjW  (Φjk)
t + (ξ − 1)
∑
k∈Vm
j
(Qmjk)
t
W

(Φjk)
t

Á
¤r~Îﬁ_~y{}M{}m0Qkm.#mﬁ{{m
º
F}l-k§M{}¨_~ym}Fkk}zikm0km#m#§§¨m
#{}F¹k§¨m
k~y°§¨m
#_y¿J²&Ç%ﬁm
Qk
ÃM~k_y
lm#~m#.¦Jz{§ym#
§m©k}x#Jz2zm©Ã_mJ·{}F}y}M{}¨_~ZQkﬃ{}}F~y
º
_lm§Èl
{}#m
Wj =
(W j1, W j2, . . . , W jdj )
m#~k~)Ã_mJﬁ{m#°#F§F~k~m
(W j1, W j2, . . . , W jdj )
t ∈ C6×dj Á'Ł­m}F~kFm#®
lmJ~_{e#F}mdySF~ﬀ{}FM|_k}y[¦°~0mJlk¨§m#lmJ~_{­V#Q_}kF~k~kJmJy,ym#§F~k~lÄ#lmbzm#_zmp§¨¹mJ{}FÁ
npFyﬃ_¹z{mJ~kF~y§Fy­_ _ﬁm°k}xkkÉ{pkm °}F~mJ±FmJ 
2iω(Φj ⊗ θj)ℵ(Wj) +
3∑
l=1
(Φxlj ⊗Gxl)ℵ(Wj) +
∑
k∈Va
j
(Φjk ⊗ P ajk)ℵ(Wj)
+
∑
k∈Vm
j
(Φjk ⊗ P mjk )ℵ(Wj)
+
∑
k∈Vdj
(Φjk ⊗Mjk)ℵ(Wk) = ℵ(bj),
³|¿dk¿@µ
QkDÇkjdy
º
F·{}F}y}M{}¨_~ÆÇzzF~~km 
[
2iω(Φj ⊗ θj) +
3∑
l=1
(Φxlj ⊗Gxl) +
∑
k∈Va
j
(Φjk ⊗ P ajk)
+
∑
k∈Vm
j
(Φjk ⊗ P mjk )
ℵ(Wj)
+
∑
k∈Vdj
(Φjk ⊗Mjk)ℵ(Wk) = ℵ(bj).
³|¿d__µ
¤r~©Ã_F¨{pzF~-_m5§K¥ F~©_¹z{m#~Q{pk~m
º
F}l-k§M{}¨_~l
{}#¨mJ§¨§m-z_~_{b§
l
M{}ﬁmﬀkFFF~§m¼mdy|{
#F~y{¨{#mﬃzmﬃ¹k§¨zJy[zme{§¨§m
d2j
Ç@mﬁ{Vz_~_{[§mJyl
M{}ﬁmdy'm#«x{Fz_F~F§¨mdy%yF~Q{,#F~y{¨{#mJy,zmﬃ¹k§z#y
km°{}§§¨m
dj × dk Ác¤r~2mJz{¼FyycFz_~k~km#§mJyp¨~ﬁF~~QmJybc¥ k~kmﬀFz{}m5l
~kj#}mﬀ¥ mJy{®¶¦M®¶zm°§mJy
~Fm#-m#~ÎÃFmd·{}m#k&F¸À#mﬁ{{}m
º
_y® #­#myF~Q{-§mJyﬀ§F~kmdy&zmÂ§gl{}#m
W
_­_~_{&ﬁ{m#lk§¨JmJy
§¨z{ {Qkm¼ymJyﬁ_§¨_~k~kmdy#ÁkŁr¥ mdy|{k~Â~Fm#lmJ~_{ﬃzmJF}Jyzmp§¨¹Sm#{°y##mJy}y
º
yeSF~kmrlÄJl0m
#xFzF~k~#mFÇ_ﬁmpQkmJy{­m#~.QkmJ§Qkmry_{}m§¨mr}F~kFmJl0mJ~Q{e§¨{m#}~{
º
F
k}Jﬁdzm#~Q{dÁ V~.{ﬁk§¨mJJÇ
#m°ÃFmJﬁ{mJkbﬁ_}mJy_~Â¦ ℵ(Wt) ÁÌÆmﬀy}ik#l
&mJ§{ º ¦#mﬁ{bm#lk§m#lm#~Q{pyJ¥ dﬁ}É{
õ»íöÆõ÷ã
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[
2iω(θj ⊗ Φj) +
3∑
l=1
(Gxl ⊗ Φxlj ) +
∑
k∈Va
j
(P ajk ⊗ Φjk)
+
∑
k∈Vm
j
(P mjk ⊗ Φjk)
ℵ(Wtj)
+
∑
k∈Vd
j
(Mjk ⊗ Φjk)ℵ(Wtk) = bj .
Ì'rl
{}#mﬃkFFF~§m­mdy|{Vﬁ
º
_lJmﬃkm
d2j
¹k§z#y[zmﬃ{§¨§m
6×6 m#{,§°l
M{}ﬁmﬃmﬁ«x{}}_zFF_~§m
mdy|{
º
_lJmﬃkm
dj×dk ¹k§¨zJy[zm{}F¨§§m 6×6 Ánb_y[k} º J_~y,z{§ym#V§°k}m#lj#}m º _l&k§M{F~Qk
k{§¨ymek~ﬀ~k_m#lm#~Q{ÆF%ﬁxFz_~k~k#mdyckkyÆ'km#F}VzmV§¹mJ{}e§xJ§DÁV~ﬀS_y}~Q{
W j = ℵ(Wj) Ç
~FyzmJÃF_~yﬁ{z¨mJb§mﬀyikJl
	
[
2iω(Φj ⊗ θj) +
3∑
l=1
(Φxlj ⊗Gxl) +
∑
k∈Va
j
(Φjk ⊗ P ajk) +
∑
k∈Vm
j
(Φjk ⊗ P mjk )
W j
+
∑
k∈Vd
j
(Φjk ⊗Mjk)W k = bj .
³|¿dFËQµ
ﬃﬂ  
 :
&.%.
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P1
¤r~-yme§_ﬁmVl
~Q{mJ~~Q{~y%§¨m#Fy'F¸ Pj = P1[Cj ] mﬁ{F¸ﬀ§mJyﬁmJ§¨§k§mJy Cj yF~Q{'kmJy%{ﬁ{}}FjJz}mJy
³¾KÁ mFÁ
Cj = τj
µ·ÁÆ²¼~y5#m
#FyJÇIF~k}m#~
φj = (ϕj1, ϕj2, ϕj3, ϕj4) = (λj1, λj2, λj3, λj4)
Çc_¸)§mJy
λjk
y_~_{°§mJy°ﬁxFz_~k~k#mdyp¹}wx#m#~Q{}_mJyb}m#§M{}¨Ã_mJy¼z«gQ{}m&yFllmﬁ{y¼kg{}ﬁ{jdz}m
τj
Á V~
k{§¨yF~Q{ﬃ§
º
F}l-§¨m 
∫
τˆ
λe11 λ
e2
2 λ
e3
3 λ
e4
4 dx =
e1!e2!e3!e4!
(e1 + e2 + e3 + e4 + 3)!
,
_¸
τˆ
zJyF~km°§m°{ﬁ{}}FjJz}m5zm°
º
#}m#~#m5zm°ÃFF§klm
Vˆ = 1/6
Çx_~_¹z{m#~Q{ 
Φj =
∫
τj
φtlφmdx =
Vj
Vˆ
∫
τˆ
φˆtl φˆmdx =
Vj
120Vˆ

2 1 1 1
1 2 1 1
1 1 2 1
1 1 1 2
 , ³|¿dxµ
_¸
Vj
zJy¨_~km°§¨m5Ã_F§klm5zÂ{}ﬁ{}}FjJz}m
τj
Á²rm5l0ÄJlm 
Φxkj =
∫
τj
(
φtj (∂xkφj)− (∂xkφj)t φj
)
dx =
(
nmk − nlk
12
)
lm
,
ö'ö ç0Z[\]$^
_  P 0 $&ﬁ* 0	
 &0*  ﬂ'.&0*/	
 ' ﬂ* 
_¸
nlk
mdy|{§ﬁFlS_y}~Q{m5ym#§F~
ek
zm5§0~k_l
F§¨m¼¨~Q{}#}¨mJkm5¦
τj
¨~Q{}#F}#m°yk§
º
_ﬁm°FQyJm
FyFllmﬁ{~xkl#}
l
k~y
τj
Áz[b§§¨mJk}y 
Φjk =
∫
Σjk
φtjφkds
mdy|{rk~kmﬀl
M{}ﬁm
4× 4 kF~Q{p§m5{mJlm (lm) Ã@Fz{
l0mdy
(Σjk)αlm
12
Ç_¸
αlm
zJmJ~©zmdypzmJF}Jybzm
§¹mJ{}ﬀFy}yzﬁJy5³Ky'§¨m&y_l0lm#{
l
k~y
τj
~Æ¥ mdy|{rFyb~y
τk
_©dﬁk}xQkmJlm#~Q{JÇ
αlm = 0  
y#¥ ¨§y
yF~Q{#Qz«cÇ
αlm = 2  
y~k_~
αlm = 1
µﬁÁ¤r~2Fyy 
Φj ⊗ θj = Vj
120Vˆ

2θj θj θj θj
θj 2θj θj θj
θj θj 2θj θj
θj θj θj 2θj
 @Ã_mJ θj = ( εj  3  3 3 µj  3
)
.
³|¿d__µ
Ì'&l
{}#m
3∑
l=1
Φxli ⊗Gxl
mdy|{bm#«zk§¨ﬁ¨{Jm5k~yb§K¥ ~k~mﬁ«zm"HxÁ HxÁ ËxÁ
T
"
I
"
= J
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h'Fz{e#Fllm_kV§mbyi#l
  Z³K¯°²re_µﬁÇ_~k_y[§§F~y[zﬁdzm#V¦¼§D¥ #{kmpzmbzySm#y¨_~k
y}ikJlﬀ¯°²rb¿pykV~kmbF}§¨§mb#F{}Jy¨mJ~k~kmﬀ³»m#{e~k_~0Fy,{}ﬁ{dz}Qkm@µ·ÁFÌ'ﬀzSJmJ~ﬁmb@Ã_mJ§K¥ ﬁ{}zm
#F~#m#}~~Q{b§m-y}ik#l
Â¯°²re.mdy|{¼_m-~k_ypF§¨§F~ybÄﬁ{}m-#F~Q{~Q{}ybc¥ ﬁ{}zm#¼k~ªk}F¹§¨jJl0mﬀFz«
ÃMF§¨mJk}y'k}Fk}mJyM×~&zm­{}FkÃ_m#§pmJ§{F~0zmkymJ}yF~-zy}ik#l
r¯°²rb¿_ÁM_k[ﬁm
º
m_ÇJ~Fy
#F~yz#}m#}F~y­§mJyﬃlÄ#lmJyﬃixwxS{ijJymJyQkm°_k§D¥ #{zmﬀk2y}ikJl
¯°²re
¦y@Ã_F z~km5F}¨§§m
}#_k§¨jJm5ik_lFFjJ~km-z_~Q{r§mJyp#m#§§¨§¨mdyryF~Q{rzm&{}F¨§§m
∆x ×∆y ×∆z Çm#{rk~km0ﬁmJ§¨§k§m Cj,l,m yk
§FQkmJ§¨§me~Fy§§¨_~y%Fkk§QkmJ'~{}m­y}ikJlbmﬁ{[zF~Q{'§mﬃﬁm#~Q{}mzme_}@Ãx¨{
G
p_k#xFzF~k~#mJy
(j∆x, l∆y, m∆z)
Áz_kbk§¨Qkm#bkmJy
º
F~·{F~y
P1
ykk~2l
§¨§_mriﬁ«kjdzQkm¼F{ik_FF~§DÇ
~Fy#F~yk#}F~y§mJy
º
F~·{F~yzm5¹Fym5y¨ÃM~Q{}mJy 

ϕ1 = (1, 0, 0)
t, ϕ2 = (
y − yG
∆y
, 0, 0)t, ϕ3 = (
z − zG
∆z
, 0, 0)t, ϕ4 = (
x− xG
∆x
, 0, 0)t,
ϕ5 = (0, 1, 0)
t, ϕ6 = (0,
x− xG
∆x
, 0)t, ϕ7 = (0,
z − zG
∆z
, 0)t, ϕ8 = (0,
y − yG
∆y
, 0)t,
ϕ9 = (0, 0, 1)
t, ϕ10 = (0, 0,
x− xG
∆x
)t, ϕ11 = (0, 0,
y − yG
∆y
)t, ϕ12 = (0, 0,
z − zG
∆z
)t.
²rm5ﬁm
º
¨{JÇx{_z{il
U j,l,m
zdyF~F~Q{­~zSJmJl0lmJ~_{
Ej,l,m
F
Hj,l,m
ykﬃk~km°ﬁm#§§k§¨m
Cj,l,m
z2l
§¨§_m¼yJ¥ Jﬁ}¨{ 
õ»íöÆõ÷ã
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U j,l,m =

U1j,l,m + U
4
j,l,m
(
x− xG
∆x
)
+ U2j,l,m
(
y − yG
∆y
)
+ U3j,l,m
(
z − zG
∆z
)
U5j,l,m + U
6
j,l,m
(
x− xG
∆x
)
+ U8j,l,m
(
y − yG
∆y
)
+ U7j,l,m
(
z − zG
∆z
)
U9j,l,m + U
10
j,l,m
(
x− xG
∆x
)
+ U11j,l,m
(
y − yG
∆y
)
+ U12j,l,m
(
z − zG
∆z
)
 .
npFy{F~ykF~°zm5§D¥ dQM{}¨_~³K_µmJ~m#«zk§¨_É{~Q{§¨mdyﬃixwQS{}ikjJymJyﬃdﬁJkm#~Q{mdy 
iω
∫
Ci,j,k
ϕW j,l,mdx +
1
2
θ−1
∫
Cj,l,m
(
ϕ
(
3∑
r=1
∂xrGxrW j,l,m
)
−
3∑
r=1
∂xrϕGxrW j,l,m
)
dx
+
1
2
θ−1
(∫
Σi+1
ϕMj+1,l,mW j+1,l,mds +∫
Σi−1
ϕMj−1,l,mW j−1,l,mds +∫
Σj+1
ϕMj,l+1,mW j,l+1,mds +∫
Σj−1
ϕMj,l−1,mW j,l−1,mds +∫
Σl+1
ϕMj,l,m+1W j,l,m+1ds +∫
Σl−1
ϕMj,l,m−1W j,l,m−1ds
)
= 0,
QkÆkF~k~km5§mJyﬃdQM{}¨_~yy¨ÃM~Q{}mJy 
ö'ö ç0Z[\]$^
Q  P 0 $&ﬁ* 0	
 &0*  ﬂ'.&0*/	
 ' ﬂ* 
iω
∫
Ci,j,k
ϕEj,l,mdx +
1
2µ
∫
Cj,l,m
(
ϕ
(
3∑
r=1
∂xrN
xrHj,l,m
)
−
3∑
r=1
∂xrϕN
xrHj,l,m
)
dx
+
1
2µ
(∫
Σi+1
ϕNj+1,l,mHj+1,l,mds +∫
Σi−1
ϕNj−1,l,mHj−1,l,mds +∫
Σj+1
ϕNj,l+1,mHj,l+1,mds +∫
Σj−1
ϕNj,l−1,mHj,l−1,mds +∫
Σl+1
ϕNj,l,m+1Hj,l,m+1ds +∫
Σl−1
ϕNj,l,m−1Hj,l,m−1ds
)
= 0.
¤r~mJlk§_ﬁm°§Fye§mJyﬃiFlyzkdﬁdzm#~Q{ywzy{j#lm¼ﬃ§m#kyﬃy_§¨k{F~yF{}#k§¨j#}mJyﬃQk
yF~Q{pzm&§
º
_lm
U j,l,m =
12∑
p=1
Up0 e
−ik·(i∆x,j∆y,l∆z)ϕp
ÁIux'_~2~k{}m
U˜ = (U10 , U
2
0 , ..., U
12
0 )
t _~
_¹z{m#~Q{§mﬀywzy{j#lm5c¥ JQ{F~y 
{
iωE˜ = µ−1T˜H˜
iωH˜ = −ε−1T˜ E˜
⇒ ω2E˜ = c2T˜ 2E˜
@Ã_mJ 
T˜ =
0
BBBBBBBBBBBBBBBBBB@
0 0 0 0 −sz 0 −rz 0 sy 0 ry 0
0 0 0 0 0 0 0 −sz −12ry 0 −3sy 0
0 0 0 0 12rz 0 3sz 0 0 0 0 sy
0 0 0 0 0 −sz 0 0 0 sy 0 0
sz 0 rz 0 0 0 0 0 −sx −rx 0 0
0 0 0 sz 0 0 0 0 12rx 3sx 0 0
−12rz 0 −3sz 0 0 0 0 0 0 0 0 −sx
0 sz 0 0 0 0 0 0 0 0 −sx 0
−sy −ry 0 0 sx rx 0 0 0 0 0 0
0 0 0 −sy −12rx −3sx 0 0 0 0 0 0
12ry 3sy 0 0 0 0 0 sx 0 0 0 0
0 0 −sy 0 0 0 sx 0 0 0 0 0
1
CCCCCCCCCCCCCCCCCCA
,
_¸_~S_yFÇzSF
v = x, y, z

õ»íöÆõ÷ã
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
sv =
i sin(kv∆v)
∆v
,
rv =
1− cos(kv∆v)
2∆v
.
¤r~2mJy{bzF~5lm#~k5¦&{}FÃFm#ﬃ§mJyÃMF§¨mJk}yﬃ_kmdy
λ
zm5§&l
{}#m
T˜
Á V~ykÉ{}mFÇSﬁmJyﬃÃMF§¨mJk}y
_kmdyÃF#}¨×m#~Q{
ω2 = c2λ2,
³|¿dFQµ
#mQkVkF~k~km0k~km}m#§M{}¨_~)zm
zySm#y¨_~ÆÁ V~
º
¨{JÇc§Â~xkl#}{M{}¨_~)zmdy¼km#F}Jy°zm§¨¹Sm#{
k{§¨yJm5mJy{k§¨k{ {bl
F§ÆikFymFÁ e~mJ~~Q{§K¥ Fz}m5ykÃM~Q{

ϕ1 = (1, 0, 0)
t, ϕ2 = (0, 1, 0)
t, ϕ3 = (0, 0, 1)
t,
ϕ4 = (
x− xG
∆x
, 0, 0)t, ϕ5 = (0,
x− xG
∆x
, 0)t, ϕ6 = (0, 0,
x− xG
∆x
)t,
ϕ7 = (
y − yG
∆y
, 0, 0)t, ϕ8 = (0,
y − yG
∆y
, 0)t, ϕ9 = (0, 0,
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jk)X = (njk .X)njk
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X// = njk × (X × njk) = X − (njk .X)njk,
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X// = −N2jkX
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NjiX = X × nji = −X × njk = −NjkX ⇒ Nji = −Njk Á
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∑
j∈Vj
Sjknjk = 0 ⇒
∑
j∈Vj
SjkNjkX = −(
∑
j∈Vj
Sjknjk)×X = 0
⇒
∑
j∈Vj
SjkNjk = 0.
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N3jkX = ((X × njk)× njk)× njk
= −(njk × (X × njk))× njk
= −(X − (njk.X)njk)× njk
= −X × njk
= −NjkX
⇒ N3jk = −Njk.
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M jjk = Mjkθ
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(

3 Njk
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)
mﬁ{
θj =
(
εj

3
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3
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3 µj
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)
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0 = Mjkθ
−1
j W
a
0 =
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
3 Njk
−Njk  3
)(
ε−1j njk

3
)
=
(

3
−ε−1j Njknjk
)
=

6
M jjkW
b
0 = Mjkθ
−1
j W
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0 =
(

3 Njk
−Njk  3
)(

3
µ−1j njk
)
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( −µ−1j Njknjk0
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3
)
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=
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yk°§¨mdyryFy® mJyF#mJyb_kmdyb}mJymd·{}
º
y
±_m#
(
(M jjk − cj
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
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
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=
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
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
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3
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=
1
2
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)
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1
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
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
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=
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
3 −N2jk
)
+
(

3 −Njk
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=
1
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2
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Π−jk =
1
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(−N2jk −z−1j Njk
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&0*  %R%ﬁ* #ﬀﬃ'

&0 *  0ﬀﬃﬂ
j ∈ Vaj

ö'ö ç0Z[\]$^
SQ  P 0 $&ﬁ* 0	
 &0*  ﬂ'.&0*/	
 ' ﬂ* 
(i) njk ×E|Σjk + zjnjk × (njk ×H |Σjk ) = ξ[njk ×E  + zjnjk × (njk ×H ﬀ )],
(ii) (M jjk)
−θj
(
W j + W k
2
)
= ξ(M jjk)
−θ0W ﬀ .
 	
θ0 =
(
ε0 0
0 µ0
)
&

 
ε0

µ0
 %  $&ﬁﬂ &   ﬂ' (')#ﬀ%  (ﬂ ﬁ1 &ﬁ*/%')#ﬀ	ﬁﬀ

')	+ 
 x    ¶§rmJy{.¨lSF{}F~_{.ﬁrzm©{@ÃM§¨§m#mJ~ Ã@F¹§¨mdy0#F~ym#}ÃMM{}¨Ã_mJyJÁ­¤r~½~Q{}zzk¨{ÂzF~
QE,jk ≡ QE,|Σjk = εjE|Σjk
m#{
QH,jk ≡ QH,|Σjk = µjHjk
Ánb{}F~y
Qkm©§D¥ F~ÏÈykQy
εk = εj
mﬁ{
µk = µj
ÁÆ¤r~ﬁ_l0lmJ~ﬁm&{_z{°Æ¥ F¹_}g¼#®Ddﬁ}¨}m
(i)
¦Â{¼zmﬁmdy¼Ã@F¹§¨mdy#Á
¤r~F¹k{m#~Q{ 
njk ×QE,jk + z−1j njk × (njk ×QH,jk) = ξ[njk ×Q E + z−1j njk × (njk ×Q H )]
³|¿_¿JQµ
¤r~ﬁF~yzj#}m-zmJz«ªJQ{F~y I§ÂkmJl¨jJm&mJy{°z_~k~kJm-F
njk× ³¿F¿dµbm#{¼§ÂymJ#F~zm&
zj .(
¿F¿d
)
ÁI¤r~_¹z{m#~Q{
 njk×[njk×QE,jk+z
−1
j njk×(njk×QH,jk)] = ξnjk×[njk×Q E +z−1j njk×(njk×Q H )]
zj(njk ×QE,jk) + njk × (njk ×QH,jk) = ξ[zj(njk ×Q E ) + njk × (njk ×Q H )]
⇔
 njk × (njk ×QE,jk)− z
−1
j njk ×QH,jk = ξ[njk × (njk ×Q E )− z−1j njk ×Q H ]
zj(njk ×QE,jk) + njk × (njk ×QH,jk) = ξ[zj(njk ×Q E ) + njk × (njk ×Q H )].
V~©k{§¨yF~Q{#mﬁ{{m
º
Fy® #c§¨mdyﬃ~k{M{F~yﬃl{}#¨mJ§¨§mJyJÇkﬁm5ywzy|{}j#lm5zF~k~m 

N2jk
(
QE,j + QE,k
2
)
+ z−1j Njk
(
QH,j + QH,k
2
)
= ξ(N2jkQ E + z
−1
j NjkQ H )
−zjNjk
(
QE,j + QE,k
2
)
+ N2jk
(
QH,j + QH,k
2
)
= ξ(−zjNjkQ E + N2jkQ H )
⇔
(
N2jk z
−1
j Njk
−zjNjk N2jk
)
QE,j + QE,k
2
QH,j + QH,k
2
 = ξ( N2jk z−1j Njk−zjNjk N2jk
)(
Q
E
Q H
)
.
¶§%ym¼{}FkÃ_m5_m°#mﬁ{{m5#Q§É{}5ﬁF}}mJy_~Â¦ 
(M jjk)
−θj
(
W j + W k
2
)
= ξ(M jjk)
−θ0W  .
õ»íöÆõ÷ã
 
		ﬁﬀﬃﬂ !"$#%ﬀ&ﬁ(')ﬁ*"	+" &,-./&0ﬂ120*')#ﬀ% S_Ë
 MÑ @eÑS
:¾Ó
:¾Ñ
9 
 0ﬀﬃﬂ ,%/ﬂ'1 ﬂ %&0'  %12*  &  $0*/	0'')0* &ﬁﬀ+, $0ﬂ	  1  &ﬁ ')#ﬀ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&0 *  0ﬀﬃﬂ
k ∈ Vmj

(i) njk × (E|Σjk ) = (ξ − 1)njk × (E  )
(ii) Υjk
W j + W k
2
= (ξ − 1)ΥjkW  ,
 	
Υjk =
(−Njk  3
 3  3
)

 x    ¤r~g{p{_M|F}y¼zm
(i)
m#~M|_z{}F~_{rk~km0#_F§¨¨{&~xk§¨§myk¼§m&iFl0
H|Σjk
ÇS#m0Qk
kF~k~km°§D¥ J_F§¨¨{°l
M{}ﬁm#§§¨m5ykÃ@F~Q{ 
(−Njk  3

3

3
)(
E|Σjk
H |Σjk
)
= (ξ − 1)
(−Njk  3

3

3
)(
E

H

)
.
¤r~5ymeymJ{cl
~Q{mJ~~Q{%zmV§ﬃlMwFmJ~k~km[zmJy%ilycSFÆmﬁ«zk}¨lmJÆﬁmJy%zm#}~km#yÆyÆ§K¥ ~_{}m#
º
F#m
Σjk

(−Njk  3

3

3
)
Ej + Ek
2
Hj + Hk
2
 = (ξ − 1)(−Njk  3
3

3
)(
E

H

)
,
m#{p¹SFz{}¨b¦
(ii)

Υjk
(
W j + W k
2
)
= (ξ − 1)ΥjkW  .

   
#"
.%10.%1' -'# 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#
Ł­m&_}Fkikm5.SFk¼¹kz{°zm
º
_k}~k¨¼Qkm#§QkmJyrk}Fk}¨#{dybzmJyrl
M{}ﬁmdyp~Q{}ywxl0#{}Qkmdy#Ç
m#{pzmﬀz_~k~km#bFy}y%#m#{}F¨~y#¨{jJmdyﬃmJlm#{{}F~Q{pzm5k}FkÃ_m#ﬃ§K¥ ~Q{}ywxl0#{}¨m5zm5l
{}#mJyb@wQ~Q{
~kmﬀy|{}·{m°F¹§¨z#yb¹k¨mJ~dﬁym_Á
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P0'
(A, B) ∈ (Mm×n(R))2 

!0ﬂ$
(∀ (X, Y ) ∈ R2(m×n)  XtAY = XtBY ) ⇔ A = B 
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/ﬁ'
R ∈ Mm×n(R)  R  &0*' 01 ﬂ')#%ﬀ ⇔ (∀ X ∈ Rm×n  XtRX = 0) 
 x    ⇒ µuzkkS_yF~y R mdy|{pF~_{}ywxlmﬁ{}_m¼m#{by_É{ X ∈ Rm×n ÁS¤r~20Qkm 
XtRX = (RtX)tX = Xt(RtX) = −XtRX,
#m5_Æk}FkÃ_mr§m5dy§É{M{JÁ
ö'ö ç0Z[\]$^
SF  P 0 $&ﬁ* 0	
 &0*  ﬂ'.&0*/	
 ' ﬂ* 
⇐ µuxkkS_yF~y_m ∀ X ∈ Rm×n XtRX = 0 Á¤r~2  (∀ (X, Y ) ∈ R2(m×n) 
(X + Y )
t
R(X + Y ) = 0 ⇒ Xt(R + Rt)Y + XtRX + Y tRY = 0 ⇒ Xt(R + Rt)Y = 0.
²&¥ Fk}jJy§Àk_Qy¨{F~ÏkÇ_~Ïm#~´zJzÉ{©Qkm
Rt = −R Çmﬁ{#F~yJQkmJ~Q{Qkm R mJy{
F~Q{ywxlmﬁ{}QkmFÁ
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/ﬁ'
M ∈ Mm×n(R)  %  #%ﬀ ∀ (j, k) ∈ {1, ..., n}, j 6= k  (Mjj , Mjk)
ﬁ')%*  ﬂ  '

1 * &ﬁ*' $012(ﬂ')#ﬀ % 01 (ﬂ')#ﬀ ﬂ $  %
Mkj = −Mjk 

 ﬁﬂ$
M

&ﬁ*' 01 (ﬂ')#ﬀ 
 x    ¶§~FyVyzÍ{­zmpl0_~Q{}m#Vc¥ k}jJyV§¨m§m#llmﬀ¿J5Qkm ∀ X ∈ Rm×n F~
¨{ XtMX = 0 Á
uzÆF~Qym5F§¨_}y
N = M t

XtMX =
1
2
Xt(M + N)X
=
1
2
n∑
j=1
n∑
k=1
Xtj(Mjk + Njk)Xj
=
1
2
n∑
j=1
[Xtj(Mjj + Njj)Xj +
n∑
k=1
k 6=j
Xtk(Mjk + Njk)Xk].
¤rdÇ
N = M t ⇒ Njj = M tjj
m#{
Njk = M
t
kj
Áqªy
Mjj ∈ Am(R) ⇒ M tjj = −Mjj
mﬁ{
Mjk ∈ Sm(R) ⇒ M tkj = Mkj
Á²rF~ 
XtMX =
1
2
n∑
j=1
[Xtj(Mjj −Mjj)Xj +
n∑
k=1
k 6=j
Xtk(Mjk + Mkj)Xk]
=
1
2
n∑
j=1
n∑
k=1
k 6=j
Xtj(Mjk + Mkj)Xk.
V~k×~ÆÇ
Mkj = −Mjk ⇒ XtMX = 0 Á
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ﬂ1'')%* * 

ﬁ'
A∗ = −A  &ﬁ 0ﬂ$ ∀ X ∈ Cn , X∗AX ∈ iR 
 x    ¤r~kJzk¨{
º
_ﬁ§¨mJl0mJ~Q{Qkm 
õ»íöÆõ÷ã
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 SQ
2<(X∗AX) = X∗AX + X∗AX
= X∗AX + XtAtX
= X∗AX + X∗A∗X
= X∗(A + A∗)X = 0.
[b#F~yJQkmJ~Q{JÇ
X∗AX ∈ iR Á

   "   * -%1% #"  :
 *  '#*+    
 MÑ @eÑS
:¾Ó
:¾Ñ
9 6DI
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ﬀﬃ'

&ﬁ* 
 
:
P ajk =
(−z−1j N2jk  3
 3 −zjN2jk
)
%01 ﬂ')#%ﬀ % 0'('

 
 
:):
Mjk =
(
 3 Njk
−Njk  3
)
%$.01 (ﬂ')#ﬀ 
 
:):(:
P mjk =
(
 3 Njk
Njk  3
)
% &ﬁ*' 01 (ﬂ')#ﬀ 
 x   
³¾µ 'ÃFmd¼§ywQl#{}¨m5zm
N2jk)
³»Ã_F§0k}FS_yÉ{}¨_~QµF~2 
(P ajk)
t =
(−z−1j (N2jk)t  3

3 −zj(N2jk)t
)
=
(−z−1j N2jk  3

3 −zjN2jk
)
= P ajk .
²rm2k§¨y#Ç ∀ X ∈ C3×2 : X∗P ajkX = −z−1j X∗1N2jkX1 − zjX∗2N2jkX2
m#{
N2jk
mdy|{
}#m#§§m
ywxlmﬁ{}_m³¾Fm#~#F}mFÇzikmJl¨{m#~k~mdµ~kJ_M{}¨Ã_m¼kF~ 
X∗kN
2
jkXk ≤ 0
_k
k ∈ {1; 2} ⇒ X∗P ajkX ≥ 0 (
J
zj > 0).
³¾¨÷µﬃÌ%0l
M{}ﬁm
Njk
mdy|{pF~Q{ywxlﬁ{}Qkm0³¾ÃF_¨§0k_Qy¨{F~_µm#{pzF~ 
M tjk =
(

3 −N tjk
N tjk

3
)
=
(

3 Njk
−Njk  3
)
= Mjk .
³¾¨÷µﬃ²pm5lÄ#lm_Çk~kFy@ÃFF~yFy}ycmJ~y_~Â§D¥ F~Q{ywxlﬁ{}m5zm
Njk

(P mjk )
t =
(

3 N
t
jk
N tjk

3
)
=
(

3 −Njk
−Njk  3
)
= −P mjk .
ö'ö ç0Z[\]$^
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(n, m, p, q) ∈ N4 
	   (A, B, W ) ∈ Mn,m(C)×Mp,q(C)×Mq,m(C) 


W = (W1, W2, . . . , Wm)

(Wi)1≤i≤m ⊂ Cq 
ℵ(W) =

W1
W2



Wm
 ∈ Cqm  A⊗B =

a11B a12B . . . a1mB
a21B a22B . . . a2mB









an1B an2B . . . anmB
 ∈ Mnp,mq(C)


	ﬀ ℵ(BWAt) = (A⊗B)ℵ(W)
 x   
(A⊗B)ℵ(W) =

a11B a12B . . . a1mB
a21B a22B . . . a2mB
Á
Á
Á
Á
Á
Á
Á
Á
Á
an1B an2B . . . anmB


W1
W2
Á
Á
Á
Wm

=

m∑
j=1
a1jBWj
m∑
j=1
a2jBWj
Á
Á
Á
m∑
j=1
anjBWj

= ℵ(
m∑
j=1
a1jBWj ,
m∑
j=1
a2jBWj , . . . ,
m∑
j=1
anjBWj)
²rmªk§yJÇVﬁ{~Q{.zF~k~ª_m
BWj ∈ Cp Ç­§Fy&SF i ∈ J1, pK Ç (BWj)i =
q∑
k=1
bikwkj =
(BW )ij
Á
qªF¨~Q{}m#~F~_{dÇ%k}m#~F~y
l ∈ J1, nK Ç'SF&i__m.#§#lm#~Q{&y}#F§F¨}m
~k_y-@Ã_F~y5§D¥ #_F§¨¨{yk¨®
ÃMF~_{}m 
(BWAt)il =
m∑
j=1
(BW )ijalj =
m∑
j=1
(BWj)i alj
õ»íöÆõ÷ã
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 SDH
²rm¼#m
º
FÉ{dÇQy_~ÂzdyF~kmr
(BWAt)l
§
l
j#lmpﬁ_§¨_~k~km¼zmp§ﬀl
M{}ﬁm
BWAt
F¸
l ∈ J1, nK Ç
§D¥ #_F§¨¨{5yJ§m¼k}Jﬁdzm#~Q{}m¼~FyﬃSm#}lmﬁ{pc¥ F¹z{}m#~k§D¥ J_§¨{°ÃFmd·{_m#§§m°ykÃM~Q{m 
∀ l ∈ J1, nK , (BWAt)l =
m∑
j=1
BWj alj
Ł­mﬀQkclk§¨Qkm 
ℵ(
m∑
j=1
a1jBWj ,
m∑
j=1
a2jBWj , . . . ,
m∑
j=1
anjBWj) = ℵ((BWAt)1, (BWAt)2, . . . , (BWAt)n)
m#{bmJlm#{F¨~y%km°#F~#§¨m5Qkm 
ℵ(BWAt) = (A⊗B)ℵ(W)
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• (A⊗B)t = At ⊗Bt
• (A⊗B)(A′ ⊗B′) = (AA′)⊗ (BB′)
• ux (A, B) ∈ GLn(C)×GLm(C) ÇF§¨_}y (A⊗B) ∈ GLnp(C) m#{bF~2 
(A⊗B)−1 = A−1 ⊗B−1
• (A, B) ∈ Sn(C)× Sm(C) F (A, B) ∈ An(C)×Am(C) Ç§Fy (A⊗B) ∈ Snm(C)
• (A, B) ∈ Sn(C)×Am(C) _ (A, B) ∈ An(C)× Sm(C) Ç§Fy (A⊗B) ∈ Anm(C)
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P =
3∑
l=1
Φxli ⊗Gxl
_¸
P =


6 P12 P13 P14
P21

6 P23 P24
P31 P32

6 P34
P41 P42 P43

6

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P12 =

0 0 0 0 −αz αy
0 0 0 αz 0 −αx
0 0 0 −αy αx 0
0 αz −αy 0 0 0
−αz 0 αx 0 0 0
αy −αx 0 0 0 0

P13 =

0 0 0 0 −βz βy
0 0 0 βz 0 −βx
0 0 0 −βy βx 0
0 βz −βy 0 0 0
−βz 0 βx 0 0 0
βy −βx 0 0 0 0

P14 =

0 0 0 0 −γz γy
0 0 0 γz 0 −γx
0 0 0 −γy γx 0
0 γz −γy 0 0 0
−γz 0 γx 0 0 0
γy −γx 0 0 0 0

P21 = −P12
P23 =

0 0 0 0 −δz δy
0 0 0 δz 0 −δx
0 0 0 −δy δx 0
0 δz −δy 0 0 0
−δz 0 δx 0 0 0
δy −δx 0 0 0 0

P24 =

0 0 0 0 −z y
0 0 0 z 0 −x
0 0 0 −y x 0
0 z −y 0 0 0
−z 0 x 0 0 0
y −x 0 0 0 0

P31 = −P13
P32 = −P23
õ»íöÆõ÷ã
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P34 =

0 0 0 0 −zz zy
0 0 0 zz 0 −zx
0 0 0 −zy zx 0
0 zz −zy 0 0 0
−zz 0 zx 0 0 0
zy −zx 0 0 0 0

P41 = −P14
P42 = −P24
P43 = −P34
m#{ 

αx = n1x − n2x
βx = n1x − n3x
γx = n1x − n4x
δx = n2x − n3x
εx = n2x − n4x
zx = n3x − n4x
αy = n1y − n2y
βy = n1y − n3y
γy = n1y − n4y
δy = n2y − n3y
εy = n2y − n4y
zy = n3y − n4y
αz = n1z − n2z
βz = n1z − n3z
γz = n1z − n4z
δz = n2z − n3z
εz = n2z − n4z
zz = n3z − n4z
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³¾µﬃh'Fk{pc¥ F¹_}ÆÇz¨§cmdy|{bJÃQzmJ~_{bQkm D mJy{bywxlﬁ{}Qkm°Jm#§§¨m_Á
²rmk§¨y#Ç ∀ j ∈ J1; NK Φj mﬁ{ θj ﬁ{~Q{5ywxlﬁ{}QkmJyJÇSF§¨_}y Φj ⊗ θj §D¥ mdy|{5y}y#Flz{m&{mJ~x
kmHzÁ HzÁ &m#{bﬁ_~yJQkm#~Q{ D mJy{pywxlﬁ{}Qkm5zF_~§mp¹k§z#yJÁ
³¾¨÷µ V~yk¨{mFÇ
(Φ+1
m#{
Z1)
yF~Q{¼{_z{mdy5zm#z«ywxlﬁ{}QkmJy¼S_yÉ{}¨Ã_mJyJÇIy[¹km#~ÈQkm~kFy¼SFkÃ_F~y
mJ~kJzk}mﬀ_m Z mdy|{bywxl0#{}Qkm5z_F~F§¨m¼F¹k§¨zJy#Á
³¾¨÷µ V~z×~ÆÇ
9 ∀ j ∈ J1; N − 1K (Φ+j,j+1 ⊗A)t = (Φ+j,j+1)t ⊗At = Φ+j+1,j ⊗A
Á
Ł­mﬀQkÆyF~É×mﬀkF~°Qkm°_k
(j, k) ∈ J1; NK2 Ç j 6= k Ç Rjk = −Rkj Á
9 ∀ j ∈ J1; NK Φ′j
mJy{p~Q{}ywxl0#{}Qkm_Ç
A
mJy{pywxlﬁ{}QkmFÇkc¥ F¸
Φ′j ⊗A
mJy{p~Q{}ywxl0#{}Qkm
Ãx HzÁ HzÁ zÁ
9
Φ+N
mdy|{-ywxl0#{}Qkm_Ç
Q¯
mJy{-~Q{ywQl#{}Qkm_ÇÆc¥ _¸
Φ+N ⊗ Q¯
mJy{-~Q{ywQl#{}Qkm{}FM|_k}y
F F#m¼¦HxÁ HxÁßQÇkm#{ﬃﬁ_~ydQkm#~Q{
(Φ′N ⊗A + Φ+N ⊗ Q¯)
mJy{F~Q{ywxlﬁ{}Qkmrﬃ§¨~kd}É{}FÁ
Ł­mdy{}Fyﬃ_¨~Q{}yﬃSm#}lmﬁ{{m#~Q{pc¥ k§¨Qkm#ﬃ§0k_Qy¨{F~¿F¿¼mﬁ{pkm°#F~#§¨m°Qkm R mdy|{pF~_{}É®
ywxlﬁ{}_mFÁ
 MÑ @eÑS
:¾Ó
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X 
/ﬁ'
G = (Gx1 , Gx2 , Gx3)
t ﬀﬃ* 1 &ﬁ(ﬂ'  $ 	+" &ﬁ'  6× 18  	 ﬁﬀﬃﬂ j = 1, 2, 3
Gxj
%ﬀﬃ*/ 12&0ﬂ'  $ 012%ﬂ')#ﬀ 	  &ﬁ' 
6 × 6  	0*')	+ﬂ 0* #%ﬀ  $ﬂ &0 ﬀﬃﬂ ∇ &+' ﬀﬃﬂ
ﬀﬃ*

 % %ﬀﬃﬂ
Q ∈ C6   #%ﬀ ∇Q = (∂x1Q, ∂x2Q, ∂x3Q)t
0'"ﬀﬃ*

  ﬀﬃﬂ 	
C18
 &ﬁ*  %
 $ﬁ* 	0'')0*"% ∀ (Q, φ) ∈ C6 × C6 
G(φ¯) · ∇Q = ( 	0'  G(Q)) · φ¯
 	 · 	'+*    ﬂ ;	0ﬀﬃ'  &ﬁ &0'ﬂ  $&ﬁ* 0* ')#%ﬀ 	+ R6 
 x    ¶§pmJy{.k§¨y.ylk§mªzmªy_~k~km#
yk
G
m#~½{mJlmªzm©l
{}ﬁm2k§z{ {QÆ¥ m#~½{mJlm
Æ¥ _J}{m#JÁ',F{}F~y0z;lmJl-¹k}mzm_FikmÂkm§D¥ dQM{}¨_~ÆÁ e~
º
y}~Q{&_yym#
G
zmÂ§D¥ z{}m
{}°kzzk¨{py}#§}mFÇQF~2F¹z{}¨mJ~Q{ 
G(φ¯) · ∇Q = Gφ¯ · ∇Q
= φ¯ ·Gt∇Q
V~ﬀk#ÃFmJ§¨_kF~_{Æl
F¨~Q{mJ~~Q{Æ§mVymdﬁ_~¼l0mJl-¹k}m[mﬁ{'m#~°z{§y}~Q{%§m
º
¨{'Qkm
G
mJy{Æk~5FS#M{}m#k
#F~y{}F~Q{JÇzF~{}FÃFm 
G(φ¯) · ∇Q = φ¯ ·Gt∇Q
= φ¯ ·
3∑
l=1
Gxl∂xlQ
= φ¯ ·
3∑
l=1
∂xlG
xlQ
õ»íöÆõ÷ã
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Ł­mﬀQkÆ#F}mdySF~zmd·{mJlm#~Q{p¦ 
G(φ¯) · ∇Q = φ¯ ·
3∑
l=1
∂xlG
xlQ
= φ¯ · ( zÃ G(Q))
= (
zÃ
G(Q)) · φ¯
ö'ö ç0Z[\]$^
Q  P 0 $&ﬁ* 0	
 &0*  ﬂ'.&0*/	
 ' ﬂ* 

>Mﬃﬂ,!$
¨¿ 
5²&Á nﬀÁ b}~k_§cÁ b~~_{}m#}¨_pSm#~F§É{|w×~É{}m0mJ§¨mJlm#~Q{rlmﬁ{}ikzª¬¨{iÈzy#F~Q{~xkFypm#§m#lm#~Q{y#Á


ﬁ

   ﬀﬃ1 ﬂ 

* &0 ÇÆ¿J  H@Q 9HFkÇ¿JS_zÁ
  
5²&Á nﬀÁb}~kF§cÇ Á }m    JKÇ ¼ÁMŁ­z±x¹kk}~ÆÇJF~ﬀÌeÁ ²&Ádqg}¨~kDÁ_op~k¨×mJ&~F§¨wzyyc
º
zy#F~Q{~xkFy
¯°F§¨mJ±x~-lmﬁ{}ikzky
º
F,mJ§¨§¨k{ek}F¹§¨mJlyJÁ 

ﬁ

   ﬀﬃ1 ﬂ 

* &0 ÇËF³DFµ ¨¿0H@Q 9S¿0H+HkÇ#__kÁ
 Ë 
 ÁﬀryyFy#Çx,ÁSŁ­}§¨m#{_JÁÇz,Á -Áb@Ãx{JÇx~ bÁux_~k~kmJ~z}±FmJJÁ[Ł­iFﬁ{m#}  JM{}¨_~.
º
{ikm
y~kFk§0F{
º
{ikm2y_§¨k{F~À
º
qª«x¬m#§§D¥ y0mJQ{F~y&~½)_§¨wxikmdz§ﬃzFl
~ÆÁ  &ﬁ 
  

/ 
  %'ÇIF	 OS_ 9x__kÇS¿JF_kÁ
  
 ·Á ﬃ¹y±M~ Á ¶ik§m#~x¹kk}Á ¨~É{}m&mJ§¨mJl0mJ~Q{°yF§z{F~ª{{ikm bmJ§¨lik_§É{  &md_M{F~©¬¨{i
i¨_i¬ﬃ@ÃFmJ~xkl-¹Sm#dÁ	ﬁ1 /ﬀﬃ   &0 

+/ ÇË_³K_µ   9xËDHxÇS¿JFQzÁ
  
°,Á F~k~mﬁ{JÁJyF§z{}¨_~ÀzmJy&JQ{F~y&zml«z¬­mJ§¨§­¨~y{}{F~k~mdyﬀmﬁ{0i}lF~kQkmJy-
~km0{mJi~kQkmzmÃF_§¨l0mdyb×~kyJÁ bk§¨#{F~¦zmdy°k}F¹k§j#lmJy¼zm
ﬁ_lM{}¨¹k§É{}&J§¨md·{}®
l
FF~k#{_mFÁVh'mJik~k#F§cm#SF{pnph:¿J_+SM® SkÇk¤¼n ­ ﬀÇÆ¿dFSkÁ
  
 ¼ÁÆŁ­z±Q¹k~ªF~gŁrÁcuxixÆÁph r²~kFm#® °z{{}k}|md·{}¨_~ªzy}ﬁ_~Q{~QFy¼¯°§m#}±Q~×~k¨{m
mJ§¨mJlm#~Q{lm#{ikz
º
_#F~ym#}ÃMM{_¨~
§@¬by   QFm#~m#§
º
lmJ¬­_±IÁ  &0  	 ﬁ1 /ﬀﬃ Çk_  ¿F¿ 9
QË_kÇc¿J+S_kÁ
 H
ﬀ¯0Á'Ł­_ikm#~)~gÁÆqªF~k±IÁﬀ¯°y}y¼_¨~Q{°l
Fy}yp§klk~ky}ikmJl0mdy
º
_5qªM«z¬m#§§K¥ ypmdQM{}¨_~y#Á
ﬀﬃ1 ﬂ   %   &0ﬂ P'  	 #%* ÇÆ¿#  FË 9z+SÇ¿dF+SÁ
 S 
5ÌeÁJ²rm#l±FM¬  VF~5²&Á
rkmFÁQŁ­_~Q{}F§~5FmJFlmﬁ{}wr¨~kﬁmd°¨~
hp
×~k¨{m­m#§m#lm#~Q{'y¨l&k§M{F~y#Á
ﬀﬃ1 ﬂ 

* &ﬁ  &0*/	  ;	+ ÇI³¾ËQµ ßﬁS_Ë 9zËFFÇQFF_kÁ
  
-ŁrÁ Fik}{JÇ%ﬀÁ'h'm  JFkdÇ%~,Á  ¨mdzm#l
~~z®¶¯¼_¨~%Á6zy#F~Q{~xkFy-¯°§m#}±x¨~lmﬁ{ix
¬¨{ik§~m¬@Ã_mJy~Ì%FF~k_mel&k§É{}¨§¨m#y
º
F,{}ikmby_§¨k{F~0
º
yik_{[¬ﬃ@ÃFmmﬁ«x{mJF bmJ§¨l0®
iF§¨{ 5k}F¹k§m#l
yﬃ_~k~y|{}ﬁ{k}mJlmJyikmJyJÁ &

"120')0*·ÇË_	 ËFDH 9zËk¿ HzÇxFFFÁ
¿J 
°ÌeÁ km  JFkDÇkuIÁzÌ%F~_{}m#}KÇzuIÁzÌÆ_ik}m#~k_m#§DÇQF~ÂuIÁxVmJ~Á,Ł­_~xÃFm#}FmJ~ﬁmr~.y{}F¹k§¨¨{|w

º
&zy|®
#F~Q{~xkFy¯°F§¨mJ±x~
{lmﬁ®¶zFl
~.lmﬁ{}ikz
º
_­{}ikm°ËF²´ikmﬁ{}m#}FFmJ~km#_yeqgM«z¬­mJ§¨§SmJQ{F~y
_~k~y{}·{}kmd-lmdyikmdy#Á 


ﬁ
    
	% / &0 

*/&0 ﬀﬃ1 ﬂ ÇFË_³¾Qµ ¨¿_¿#_ 9S¿_¿ HMÇJ__kÁ
¿F¿ 
 Á¯¼mJ}zmdy'F~ Á ¶§ikm#~x¹kk}Ák¤r~ﬀ{}ikm_§¨§z{F~&mImJﬁ{~ Èy_§¨z{}¨_~y'
º
{}ikmË_² bm#§likF§¨{ 
mdQM{}¨_~Â¬¨{i§F_mp¬ﬃ@ÃFm#~xkl&¹mJJÁ
	 ﬁ1 /ﬀﬃ U 
	0

+      $	 * ﬁﬂ  Çc¿@ ¿d_ 9I¿ HkÇ
¿dF_kÁ
¿d 
¼,Á bmJ§¨§kwFÁ ﬁ ﬀﬃ(')ﬁ** ﬀﬃ1 ﬂ')#ﬀ 	 #ﬀ&0')0* 	+  &,-.+&0ﬂ120* ')#%ﬀ%P&0ﬂ ﬀﬃ*  1  ;	+
	  %!%12%* ) .*'  	0'  $0* ('* ﬀD·ÁVi²Ï{ikmdyyJÇ eﬁ_§¨mbnrM{F~§muzkJm#mzm§D¥ p#}F~Fz{QkmFÇ
¿dFFÁ
¿JË 
¼,Á pm#§§¨wª~uIÁÆ²r@wxl
kÁŁ­F~xÃFmJ_m#~#m-c¥ k~kmkk}@«z¨l
{F~gzy}ﬁF~Q{}¨~xy¼zmJy5ywzy|{}j#lmJy
kmJl0m#_}km_Á		

 $&+	  
 '  &0ﬂ' ·ÇË¿J ¿JËFË¿ 9I¿JËFËQzÇk¿dFFÁ
¿# 
¼,Á bmJ§¨§kw_Ç,Áqª  #mﬁ{dÇF~ ,Á °§¨F{ _Á uxkk~kmÈk@«zl
M{F~ mJ~´z_lF¨~mª~kF~ ¹_~k
kmJyﬃJQ{F~yﬃzm5qª«z¬­mJ§¨§c~y{}M{}¨_~k~F¨}mJy kﬁ_l0SF{mJlm#~Q{bFywQlz{}{}Qkm_Á  &  $ﬂ  $

ﬂ  &0')&0 #ÇS  ËF_ 9xËDH+HxÇS¿J_Á
¿d 
Á bmJy{i@ÃFm#~©F~©h°Á È}¹kk{_~ÆÁnbzkF§%ikFiz® FzmJblmﬁ{ixy
º
_pywxllmﬁ{}ﬀixwxmJ¹SF§
mdQM{}¨_~y#Á 

ﬁ

    ﬀﬃ12%ﬂ 

*/&0 ÇËF  _Ë_ 9x__zÇ¿JF_kÁ
õ»íöÆõ÷ã
 
		ﬁﬀﬃﬂ !"$#%ﬀ&ﬁ(')ﬁ*"	+" &,-./&0ﬂ120*')#ﬀ% _Ë
¿J 
Á bmdy|{}i@ÃFmJ~.~.h°Á È}¹kk{_~ÆÁÆ²py}ﬁF~Q{}¨~xk_y¯°F§¨mJ±x~
lmﬁ{ixy
º
_e{}ikmb{}¨lm#® z_l
~
qgM«z¬­mJ§¨§D¥ yﬃmJQM{}¨_~y k~2~Q{}xk·{}¨_~ÆÁ

	  
 "-  ( %ﬂ·Çc¿d ¨¿d 9zFkÇz_Á
¿ H
Á pmJy{i@Ã_m#~~
h°ÁF¹k{}F~ÆÁ bFiz® FzmJ[~kzk§²ry#F~Q{~xkFy­¯°§m#}±Q~lmﬁ{ixy
º
F
{}ikmrqgM«z¬­mJ§¨§m#FmJ~QÃMF§¨km_¹k§¨mJl2Á.D' ﬂ &0*   ﬁ 
/     0* 	0*

ÇxËFQ  QFË 9zFÇ_Á
¿
S 
Á bmdy|{}i@ÃFmJ~;~Zh°Á È}¹kk{_~ÆÁhﬃim}F§m.
º
{ikmmJ~§¨{|wÈ¨~À{ikm§xJ§ﬃzy#F~Q{~xkFy
¯°F§¨mJ±x~-lmﬁ{}ikz
º
_,qgM«z¬­mJ§¨§D¥ y%mJ¨_m#~xÃM§kmek}F¹§¨mJlÁ 	01  ﬀﬃ   % 

+      *+* Ç
FF_kÁ'{.mddÁ
¿J 
°h°Á b§§­~ ÁmJmJcÁ©h'~Fk§5lmJyiÎlmﬁ{}ikzky
º
_5{imÂ~kmJz{}F~{~ySF{-mJQ{F~ÆÁ
h'mJi~kJ§ÆmJ_{pÌ ®¶opﬃ® HMË®DﬃHMÇ_ÌÆQy b§l_ybukﬁm#~Q{¨×5Ì%F¹_}{_w_Ç¿dOHMËÁ
ß 
°ﬀÁ p¨z{}l
JÁ p¨_ikm#rFzm#  iÉ{}~km#w
º
F}l
y#Á  ﬂ  
ﬁ
*    (ﬂ   % 


ﬁ
  @ÇIË_ ßHz¿ 9kFÇ
FF¿FÁ
ßz¿ 
¼,ÁpFy{_~ÆÇ·Áx,m#}k_Ç_~.²-Áuki{  J%ÁÆq©É«zmdÂzy#F~Q{~xkFy­¯°§m#}±x¨~kk}@«z¨l
{F~

º
{}ikmﬀqª«x¬m#§§cFSm#M{}FdÁ 

ﬁ

     ﬀﬃ12ﬂ 

*/&0 ÇQ  QË 9QQFkÇxFFÁ
ßF 
 Á ¶ik§m#~x¹kk}ÇÆmdz¨{FdÁ '* '   1 * &0*/&0  '    &  $ﬁﬀD$'    $&0 ﬂ'*FÁªuxk}¨~k_m#® [mJ§Ç
mJ§¨~%ÇÆ¿J_+SkÁ
ßË 
Á'²rFF§Fy _JÁ%F~Èh°Á%²rk_~Q{JÁ ¶~_{}m#}¨_5mJ~§¨{|wgzﬁmdzk}mJy
º
_ﬀm#§§¨z{}.F~¹SF§
¯°F§¨mJ±x~ﬀlmﬁ{}ikzky#Á ¶~ U (ﬀﬃﬂ  * 0 % '* ﬃ '  ·ÇMÃF_§¨l0mﬃﬁSÁ@ux~kFmJ® [m#}§ m#}§¨~ÆÇx¿JDHMÁ
ßM 
5ucÁÂÌ%F~_{}m#}KÁ [§§¨mJ§©y_§¨z{}¨_~y½
º
ﬁ_l0mdyy¨¹§¨m QM¬by½y¨~kMÃ_m#}§Fkk~k:F~*~F~z®
MÃ_m#}§Fkk~k0l0mdyiF{}É{}¨_~k¨~y{M{}m#_¨mdy#Á &0ﬂ&0  	ﬁ1 /ﬀﬃ Ç_  F_Ë 9zFSkÇ¿dF_kÁ
ßF 
¼,Áq©F~k±IÇcmdzÉ{}FdÁ .'* '  %!%12%*  12% ;	  %0ﬂ  &
,+-.   $#ﬀ&0')0*·Á¤p«
º
Fgop~kÃFm#yÉ{|w
emdyyJÇ_FËkÁ
ß 
¼,Á[q©_~k±Î~À¯0Á,5Á,i_{}m#dÁ  zy}ﬁ_~Q{~QFy0¯°§m#}±Q~Îlmﬁ{}ikz
º
F&§¨~kmd&ywxll0m#{}
ixwxSm#}¹_§¨rywzy|{}m#l
y¨~~kikFl_Fm#~m#FyelmJkÁ      
 ')*  	ﬁ1 /ﬀﬃ Ç_ Ë  FQË 9xDH+HzÇ
FFQzÁ
ßH
ÁóŁrÁnbmdzm#§mJFÁVq©É«zmd.×~É{}m5m#§m#lm#~Q{}yb¨~
R3
Á ﬀﬃ1 ﬂ U &0 ÇËQ  Ë¿d 9zË¿FÇ¿d+S_kÁ
ßﬁS 
ÁóŁrÁknbmJkm#§mJÁ£~kmJ¬
º
l§¨wÂ
º
l¨«zmJÂ×~k¨{m°m#§m#lm#~Q{yﬃ¨~
R3
Á  ﬀﬃ12ﬂ P &0 ÇI  DH 9I¿F¿dkÇ
¿d+S_kÁ
ß 
 ·Ár,m#}kF ~Ê²&Á¼uzi{ dÆÁ7hﬃikm
hp
® §¨z#F§ﬀzy_~_{}¨~xk_yg¯°F§¨mJ±x~£lm#{ikz
º
Fg§¨M¬ﬃ®
º
}mJQkmJ~ﬁw.{l0m#®Di}l0_~k¼qgM«z¬­mJ§¨§cmdQM{}¨_~y#Á  &0  	 ﬁ1 Ç/HF	¿F¿0HM 9S¿dk¿#Ç__FËkÁ
 ËF 
 ·Á­,m#}kFkÇe²&Áuzi{  JFÆÇe~Z,Áﬃq©F~±SÁuQ{¹k§¨  #md ¨~Q{}m#}¨_.mJ~§¨{|wÀlm#{ikz
º
_.§¨M¬ﬃ®
º
}mJQkmJ~ﬁw£{}¨lmﬁ® iFlF~;qgM«z¬­mJ§¨§0mJQ{F~yJÁ 	01  ﬀﬃ    

+        * ﬁﬂ  Ç
¿dk¿  _OHF 9x_FDHxÇ_FFQzÁ
 Ëk¿ 
5ucÁVmJ~Á
l2
®¶y|{¹k§¨¨{|w.
º
{}ikmﬀkx¬~×}y{bFzmJ­×~kÉ{}mﬀÃF_§¨l0m5y}ikm#lm
º
_ﬃ{ikm-qgM«z¬­mJ§¨§
mdQM{}¨_~y-~;{|¬)F~È{}ikmJmzlm#~yF~y0F~Z}¹kÉ{}}Fw)k~y{}·{}k}mJ;lmdyikmdy#Á 

ﬁ
	 
 ;	+   &ﬁ 

* &ﬁ  ﬀﬃ12%ﬂ ÇkËF ¨¿dËF 9I¿d+SkÇQFF_kÁ
 Ë_ 
5ucÁVmJ~Â~2ÌeÁ km  #_kKÁ ÅﬁmJ~Q{m#}mJ2zy}ﬁF~Q{}¨~xk_yb¯°§m#}±x¨~×~k¨{m-ÃFF§klmﬀy}ikm#lm
º
F
{}ikmË_²*imﬁ{mJ_FmJ~km#_yﬀqª«x¬m#§§emdQM{}¨_~yﬀ_~Îk~y{}·{}kmdÈlmJyikmJyJÁgh'mJik~k#F§­mJ_{
ﬃHMË_ËkÇ |np  -Ç_FËÁ
ö'ö ç0Z[\]$^
F  P 0 $&ﬁ* 0	
 &0*  ﬂ'.&0*/	
 ' ﬂ* 
 ËFË 
5ucÁe¨Sm#}~kÇ[qÎÁ[mJl
±xKÇ[F~;ÌVÁm  #_kDÁ  ~k_~zSyÃFm.×~kÉ{}mÃ_F§klmy}ikm#lm
º
F0{ikm
{}ik}m#mﬁ®¶zlm#~y¨_~§cqª«z¬­mJ§¨§D¥ ymd_M{F~y­_~~y|{}·{mdÂlmJyikmdy#Á 

ﬁ

   ﬀﬃ1

* &ﬁ Ç
Ë_³K_µ  F+S_ 9zk¿JSkÇ_FF_kÁ
 Ë 
ÁFbFiÆÁrywxlz{F{ﬃ¹mJi@Ãx¨_k,
º
y_§¨k{F~y'{°ixwxmJ¹SF§­{§kzSmJmJ~Q{§zmJQ{F~y
¬¨{i  Jm#}ySm#mJy#Á 	01 1  ﬀﬃﬂ 

+/   &0 ÇSËk¿  QËk¿ 9QS_kÇS¿JDH0SkÁ
 Ë_ 
°q;Áem#l
F±QDÁ  ~km#¬ ×~k¨{m©Ã_F§klm2y}ikmJl0m
º
F.yF§Ãx¨~ÈqgM«z¬­mJ§¨§D¥ y0ywzy|{}m#l2Á 	      ,Ç
¿d  ¿JË 9zFË¿FÇQFF_kÁ
 ËF 
5¯0Á ÌVÁß¯0Á­ux§m# |Sm#~ ~Z²-Á 5Á F±x±FmJl
kÁ »Łﬃ¯°y|{¹
(`)
º
_0§~kmJF
mJQM{}¨_~y0¨~xÃ_F§ÃQ~k)k~z®
ywxll0m#{}-l
M{}ﬁmJyp¬É{}i)#Flk§mﬁ«©ySmJﬁ{}kl2Á   (ﬂ0*  ﬃﬂ&0*   ﬀﬃ12%ﬂ 

* &0 Ç¿	¨¿_¿ 9xËQ
³¾m#§mJﬁ{}F~k¼F~k§wkµ·ÇÆ¿dFFËÁ
 ËOH
Á%uQ{}m#FmJ5~5Á ­ÁFl~kÁ '§z«gÃ_mJﬁ{F°yk§¨¨{{}¨~
º
F¼{ikm~xÃQy}ﬁgQFy°zwx~l-¬¨{i
Fkk§JM{}¨_~y{0×~k¨{m&zIm#}m#~ﬁm°lmﬁ{ixy#Á      	ﬁ1  D  ÇS_  FFË 9z_ËkÇS¿JSk¿FÁ
 Ë+S 
°q;Á Á  ikmJm#§m#dÁ p~ZmJ§¨§¨k{©ﬁF§§xJM{}¨_~z®K×~kÉ{}mmJ§¨mJlm#~Q{
l0m#{ikzZ¬É{}iZ~Q{mJFSm#~F§É{}¨mdy#Á


ﬁ

   ﬀﬃ1 ﬂ 

* &0 ÇÆ¿d ¿dF 9S¿dk¿FÇ¿JDH0SkÁ
 ËF 
 ÁßuIÁVmJmFÁ
nbl0mJ#F§Vy_§¨k{F~
º
¨~k¨{§[¹SF~k}wªÃM§kmk}F¹k§m#l
y°~xÃFF§Ãx¨~qª«z¬­mJ§¨§D¥ y
mdQM{}¨_~y,¨~
y{}F­lmJzkÁ
ﬁ
   ﬃﬂ&0* 

*  **/&  &0*/	  ﬂ&O&0')0*Ç bV®}¿d  ËFQ 9zËFOHzÇ
¿dF_kÁ
õ»íöÆõ÷ã
Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)
Unité de recherche INRIA Futurs : Parc Club Orsay Université - ZAC des Vignes
4, rue Jacques Monod - 91893 ORSAY Cedex (France)
Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhône-Alpes : 655, avenue de l’Europe - 38334 Montbonnot Saint-Ismier (France)
Unité de recherche INRIA Rocquencourt : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)
Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)
 
 
 

  

 	

ISSN 0249-6399
